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Abstract

In this paper we approach the theory of continuous measurements and the associated unconditional
and conditional (stochastic) master equations from the perspective of quantum information and
quantum computing. We do so by showing how the continuous-time evolution of these master
equations arises from discretizing in time the interaction between a system and a probe field and by
formulating quantum-circuit diagrams for the discretized evolution. We then reformulate this
interaction by replacing the probe field with a bath of qubits, one for each discretized time segment,
reproducing all of the standard quantum-optical master equations. This provides an economical
formulation of the theory, highlighting its fundamental underlying assumptions.

1. Introduction and motivation

The strength of a projective measurement is made known in weakness. Although we are taught from youth that
quantum measurements project the target system onto an eigenstate of the measured observable as an
irreducible action, closer inspection reveals a more nuanced reality. Measurements involve coupling quantum
systems to macroscopic devices via finite-energy interactions, these devices have finite temporal resolution, and
ahost of imperfections lead to encounters with the classical world that violate unitarity without conforming to
the projective-measurement mold.

Of course, in many scenarios these discrepancies are fleeting and the projective description is all that is
needed—and sometimes all that can be observed! Modern experiments, however, show projective
measurements for what they are, and if we are to glory in this revelation, we need tools like the theory of
quantum trajectories, which generalizes measurement projection to weak, continuous monitoring of a quantum
system.

Consider using a transition-edge sensor to detect photons. As a photon is absorbed by the detector, the
output current begins to drop. At firstit is difficult to tell the difference between a photon and thermal
fluctuations, but as the current continues to drop we become more and more confident of the detection
prognosis until we have integrated enough current deficiency to announce a detection. The accumulating
current deficiency is the result of a continuous sequence of weak measurements (sometimes called gentle or
fuzzy), where the name signifies that each measurement outcome (in this case output current integrated over a
short time interval) contains little information about the system being measured and consequently only gently
disturbs that system. Many repetitions of such weak measurements, however, do have an appreciable effect upon
the system, sometimes as dramatic as a projective measurement. Because these measurements are nearly
continuous, differential equations are used to track the cumulative effect on the system, and because quantum
theory tells us the measurement results are random, these differential equations are stochastic.

©2018 IOP Publishing Ltd
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The system’s time-dependent state (or some expectation value thereof) conditioned on a continuous
measurement record is called a quantum trajectory in the continuous-measurement literature. Physically, this
continuous measurement record is written on successive probes that interact weakly with the system. The
stochastic differential equations that generate quantum trajectories take a variety of forms, going by names such
as stochastic Schrodinger equations, quantum-filtering equations, or in this paper stochastic master equations
(SMEs). A great deal of attention has been devoted both to deriving stochastic equations for and to observing
trajectories in a variety of physical systems, e.g., cavity QED [1], circuit QED (superconducting systems) [2—4],
fermionic systems [5—7], and mechanical systems [8—11].

The ability to resolve these subprojective effects opens up many possibilities, including feedback protocols
and continuous-time parameter estimation. An example of feedback control is continuous-time quantum error
correction. Ahn et al [ 12] investigated using continuous-time quantum measurements for this purpose, thus
pioneering a fruitful line of research [13-21]. Feedback control additionally allows one to view weak
measurements as building blocks for constructing other generalized measurements, as explored by Brun and
collaborators [22-25]. Continuous weak measurements have also been pressed into service for parameter and
state estimation [26—32]. One notable example is the single-shot tomography of an ensemble of identically
prepared qubits [33].

Error correction, parameter estimation, and state tomography are important subjects in quantum
computation and information. Unfortunately, much of the literature on continuous weak measurements, which
would otherwise be of interest to this community, suffers from needlessly arcane terminology and
interpretations. We take the refiner’s fire to trajectory theory, revealing a foundation of finite-dimensional probe
systems, unitary gates between the system and successive probes, and quantum operations to describe the system
state after the probe is measured—all three familiar to the quantum information scientist of today. This process
also distills the essence of trajectory theory from its origins in field-theoretic probes, yielding insights that can be
appreciated even by veterans of the subject. A particularly useful tool that arises naturally within our approach is
the quantum circuit diagram, and we take pains throughout our presentation to illustrate relevant principles
with this tool.

Ofall the prior work on this subject, our paper is most related to—and indeed inspired by—Brun’s elegant
work on qubit models of quantum trajectories [34]. In sections 3 and 5 we describe the connection between his
work and ours. Looking further back to the origin of this line of research, one might identify an important
precedent in the work [35] of the great theorists, Scully and Lamb (Lamb also did experiments), in which they
considered systems interacting with a spin bath. The mathematics literature has a related body of work that
studies approximating Fock spaces with chains of qubits known as ‘toy Fock spaces’ [36—44].

The physics and mathematical-physics communities have a rich history of deriving the stochastic equations
of motion for a system subject to a continuous measurement. So rich, in fact, that these equations have been
discovered and rediscovered many times. Historically, the theory was developed in the 80’s and early 90’s by a
number of authors: Mensky [45, 46], Belavkin [47], Srinivas and Davies [48], Braginskii and Khalili [49],
Barchielli et al [50], Gisin [51], Diési [52, 53], Caves [54, 55], Caves and Milburn [56], Milburn [57], Carmichael
[58], Dalibard et al [59], and Wiseman [57]. The most recent rediscovery was by Korotkov [60, 61], who
dubiously introduced yet more terminology by christening his rediscovery ‘quantum Bayesian theory.’

Many other good references on the topic are available for the interested reader. We recommend the
following articles: Brun [34], Jacobs and Steck [62], Wiseman’s PhD thesis [63], and for the mathematically
inclined reader, Bouten et al [43, 64]. Helpful books include [58, 65, 66], and [67].

This paper is structured as follows: section 2 lays out our notational conventions. Section 3 gives a unified
description of strong and weak measurements via ancilla-coupled measurements, followed by quantum-circuit
depictions of the iterated interactions that limit to continuous quantum measurements and their relation to
Markovicity. Section 4 develops the continuous-measurement theory in terms of a system undergoing
successive weak interactions with a probe field.

Sections 5 to 7 are the heart of the paper: they show how to replace a probe field with probe qubits in
constructing quantum trajectories, and they explore the consequences of changing the parameters of the
formalism, i.e., using different probe initial states, different interaction unitaries, and different measurements
on the probes. Section 5 contains the first derivation of a SME in our model, focusing on the vacuum SMEs.
These arise when probe initial states are vacuum (ground state for probe qubits); the probe undergoes a weak
interaction with the system and then experiences one of several kinds of measurements, which lead to different
quantum trajectories. The theme of section 5 is thus exploring the effect of different kinds of measurements on
the probes. Section 6 considers the Gaussian SMEs, in which a probe field starts in a Gaussian state, undergoes a
weak interaction with the system, and then is subjected to homodyne measurements. The theme of this section is
thus exploring the effect of different probe initial states, but the main contribution of this section is a technique
to accommodate all the Gaussian field states in probe qubits and to show that, since qubits have too small a
Hilbert space to achieve this by only changing the initial state, one must also modify aspects of the weak system/
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Figure 1. Bloch sphere illustration (z the vertical axis, x the horizontal axis, y direction suppressed) of our convention for qubit states
(left) and the conventional quantum-information notation (right). In conventional notation, the eigenstates of o, with eigenvalue
+1 aredenoted by |+) = (|0) + |1))/+/2,but in our qubit notation, we use the eigenstates [¢,) = (|g) + |e)) /2 =

(1) £10))/~/2 = #| + ); i.e., we change the sign of the eigenstate with eigenvalue — 1.

probe interaction unitary. Section 7 explores a radical departure that allows interactions between the probe
qubits and the system that are strong, but occur randomly.

As an aid to intuition, section 8 presents visualizations of numerical solutions to some of the SMEs derived in
the previous sections. Finally, section 9 summarizes lessons learned from our approach and suggests promising
related approaches.

2. Notational conventions

Confusion can arise when denoting the states of quantum-field modes and two-level systems (qubits) in the
same context. In particular, that a|n) = /7 |n — 1)andthus a|1) = |0),yet 0_|0) = |1), canlead to
momentary confusion and even persistent perplexity. The standard qubit states are the eigenstates of

o, = |0X0] — [1)1] = X,_ (—1)*|a)al; since the qubit Hamiltonian is often proportional to o,—this is why
one chooses |0) and | 1) to be the standard states—it is natural to regard | 1) (eigenvalue —1 of ¢;) as the ground
state and |0) (eigenvalue +1) as the excited state. In doing so, one is allowing the multiplicative label (—1)? to
trump the bitwise label a, which gives an opposite hint for what should be labeled ground and excited.

To allay this confusion, one good practice would be to label the standard qubit states by the eigenvalue,
(—1)%, of g, but instead we choose the more physical labeling of |¢g) = |1) as the ‘ground state’ and |e) = |0) as
the ‘excited state.” In this notation, o_|e) = |g), as expected; this notation plays well with the correspondence we
develop between field modes and two-level systems. Our notation is illustrated in figure 1. As a further check on
confusion, we often label the vacuum state of a field mode as | vac) instead of | 0).

Some useful relations between qubit operators are given below:

o =le)gl = 0)X1] = 3(ox + icy),

o =lg)el = [1)0] = S (0 — i0y),
ox =0 + o = le)gl + Ig)el,

o, = —ioy + io_ = —ile)(g| + ilg)el,
o, =le)el — lg)gl,

[o-, op] = %i[ax, o] = —o.. 2.1)

When writing qubit operators and states in their matrix representations, we order the rows and columns
starting from the top and left with |e) = |0) followed by |g) = |1). Thus 0. = |g)(e|has the representation

(el (g

le) (0 0)
. 2.2)
g\l 0
The first place our notation has the potential to confuse is in how we denote the eigenstates of o,.. These
eigenstates are conventionally writtenas |+) = (|0) & |1)) /+/2, but we choose to denote them by

1 1
16) = —=(lg) 1)) = =

i.e., we change the sign of the eigenstate with eigenvalue —1. This notation is illustrated in figure 1.

In our circuit diagrams, each wire corresponds to an individual system; a collection of those wires
corresponds to a tensor product of the systems. To keep track of the various systems when moving between
circuit and algebraic representations, the tensor-product order equates systems left-to-right in equations with

(11) £10)) = £[+); (2.3)
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Figure 2. Equivalence between a direct (left) and ancilla-coupled (right) measurement of ;. Note that for the CNOT gate in the
ancilla-coupled measurement, the application of the NOT gate to the probe is controlled on |g) = |1), as shown algebraically in
equation (3.1). The single wires carry systems in quantum states, while the double wires carry classical information. In both the direct
and the ancilla-coupled measurement, the double wire emerging from the measurement apparatus carries the result of the
measurement, either e (0) or g (1). After the measurement, the system is left in the corresponding state, |e) (|0)) or |g) (|1)); this state is
carried by the system wire emerging from the right of the measurement apparatus in the direct measurement and by the system wire
proceeding to the right in the ancilla-coupled version.

the systems bottom-to-top in the circuits. We also reserve the left-most/bottom position for the system in our
discussions, putting the probe systems to the right/above. True to conventional quantum-circuit practice, single
wires carry quantum information (i.e., systems in quantum states), whereas double wires carry classical
information (typically measurement outcomes).

We use the notation E[AA] to denote the expectation value of a classical random variable AA, which need
not correspond to a Hermitian observable. Typically AA can be thought of as a map from measurement
outcomes to numbers, in which case sampling from AA involves performing said measurement and mapping
the outcome to the appropriate value. For a measurement defined by a POVM {E;} (see section 3.3) and
corresponding random-variable values denoted by AA;, the expectation value evaluates to

E[AA] = ) AA; Tr[pEjl. (2.4)
j

The implicit dependence on quantum state p and measurement POVM { E;} should be clear from context.

3. Measurements and the quantum-circuit depiction

3.1.Indirect and weak measurements

The instantaneous direct measurement of quantum systems, still the staple of many textbook discussions of
quantum measurement, is only a convenient fiction. As discussed in the Introduction, one typically makes a
measurement by coupling the system of interest to an ancillary quantum system prepared in a known state and
then measuring the ancilla. This is called an indirect or ancilla-coupled measurement. For brevity we refer to the
system of interest as the system. Although the ancillary system goes by a variety of names in the literature, we refer
to such systems here as probes to evoke the way they approach the system to interrogate it and depart to report
their findings. When additional clarity is helpful, we use subscripts to identify states with various systems, so
[1))sys and Py designate system states and |¢)pr and oy, designate probe states.

Ancilla-coupled measurements can be used to effect any generalized measurement, including the direct
measurements of textbook lore. Suppose one wants to measure o, on a qubit system. This can be accomplished
by preparing a probe qubit in the state | e), performing a controlled-NOT (CNOT) gate from the system to the
probe, and finally measuring o, directly on the probe. The CNOT gate is defined algebraically as

CNOT := |e)(e] @ 1+ |g)(gl ® o = [0)0] @ 1+ |1X1] ® o. (3.1

Doing nothing when the probe is in the excited state might feel strange, but this convention is chosen to
harmonize with the quantum-information notation that is shown in the second form of equation (3.1), in which
the NOT gate (0y) is applied to the probe when the system is in the state | 1) = |g); thisis called control on |1) or,
in this context, control on |g). Figure 2 depicts in quantum circuits the equivalence between a direct
measurement of o, and the ancilla-coupled measurement.

For an arbitrary initial system state

|¢>sys = |g>sys + 8 |e>sysr (3.2)
the joint state of the system and probe after the interaction is
|W) = CNOT [h)sys @ le)pr = algg) + Plee). (3.3)

Local 0, measurements on the probe are described by the projectors II¥” := 1 @ |g)(gland II?” =1 ® |e)e|
(the superscript indicates projection only on the probe). These measurements give the following probabilities
and post-measurement system states:

Trp[T1P7 [W)(W] TTP7]

_ (pr) — 2 =
Pr(g) = (V|IIFV W) = |af, Prig) 18)sys(8]> (3.4)
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T [TIP [T)(W| TIEV]
Pr(e)

Pr(e) = (WIIPV|W) = | 3P, = |e)sys(el. (3.5)
These are the same probabilities and post-measurement system states as for a direct measurement of o, on the
system. This equivalence comes about because the CNOT gate produces perfect correlation in the standard qubit
basis.

More general interactions between the system and probe do not produce perfect correlation. A specific
example of an imperfectly correlating interaction,

Ucnor(0) := exp (—if0 CNOT) = cos# 1 ® 1 — isinf CNOT, (3.6)

was presented by Brun [34]; § = 0 gives the identity, i.e., no correlation between system and probe, and
0 = 7 /2 gives (up to the global phase —i) CNOT, i.e., perfect correlation between system and probe. For
0 < 0 < 7/2 the probe becomes partially correlated with the system. This kind of partial CNOT can be
constructed because the CNOT gate is Hermitian as well as unitary, and therefore generates unitary
transformations. The joint state of the system/probe after the interaction is

[Tp) = Ucnot(0)|1)sys @ le)pr = cos 8 [Y)sys @ |e)pr — isin0| V) = Ge~|ee) + a cosblge) — icxsinb|gg).
(3.7)

A projective measurement on the probe after the interaction gives only partial information about the system
and thus only partially projects the system state. As explained in the Introduction, such measurements have been
called weak, fuzzy, or gentle. These measurements should not be equated with weak values [68, 69], a derivative
concept utilizing weak measurements but with no additional relation to the continuous-measurement schemes
we consider. The outcome probabilities and post-measurement system states are

Trpe[TTP7 [ Wy)(Wy| TIP7]

Pr(g) = (YIIP” |Wy) = |a | sin’6), = |)syslgl> (3.8)
Pr(g)
. Tr r[H(pr)l\I[ Uy H(Pr)]
Pr(e) = (WTIP" W) = |B + |af? cos?d, pel L 1) Bl T, = [)sys(X |> (3.9)
Pr(e)
where
0 Sys _19 Sys
s = 250 8o £ B el (3.10)

||? cos?d + |5

For # < 1, we can expand these results to second order in  to see more clearly what is going on in the case of
aweak measurement. The outcome eis very likely, occurring with probability Pr(e) >~ 1 — |«|*6?,and when
this outcome is observed, the post-measurement state of the system is almost unchanged from the initial state

s = a1 = 3 18P6) Ighys + B(1 = i0 = 5 18P6%) lehys. (3.11)

In contrast, the outcome gis very unlikely, occurring with probability Pr(g) =~ |« [>6?, and when this outcome is
observed, the system is projected into the state |g )y, which can be very different from the initial state. This kind
of weak measurement can be thought of as usually providing very little information about the system, but
occasionally determining that the system is in the ground state. These unlikely, discontinuous events in system
evolution are often referred to as quantum jumps in the literature [70].

3.2. Quantum-circuit description of measurements

In the most general ancilla-coupled-measurement scheme, the system is initially in a (possibly mixed) state p and
the probe begins in the (possibly mixed) state 0. System and probe interact via an interaction unitary U and then
the probe is measured in the eigenbasis of an observable O. We illustrate and elaborate on this scheme in figure 3.

Because a weak measurement extracts partial information and thus only partially projects the system onto an
observed eigenstate, we can learn more about the system by performing repeated weak measurements (contrast
this with a projective measurement, where one gains no new information by immediately repeating the
measurement). One method of extracting all the available information about the system is to repeat a weak
measurement many times. Such iterated weak measurements are explored in more detail in section 4.

We introduce a circuit convention in figure 4 that makes it easy to depict iterated measurements. The naive
depiction, figure 4(a), is clumsy and distracts from the repetitive character of the probe interactions. For the
remainder of the paper, we employ a cleaner convention by reserving one probe wire (usually the one nearest to
the system) for all interactions with the system. We then use SWAP gates to bring probes into and out of contact
with the system as necessary. Thus the circuit in figure 4(a) transforms to figure 4(b). Generally, the SWAP trick
leads to circuit diagrams like figure 4(c). The SWAPs in all cases are purely formal and used only for convenience.
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Figure 3. General ancilla-coupled measurement. System in initial state p and probe in initial state o are subjected to an interaction
unitary U. (a) Probe is measured in the eigenbasis of an observable O; (b) equivalently, by including a basis-changing unitary Vin the
circuit, the measurement of O is replaced by a measurement in the eigenbasis of a standard observable O’ related to the original
observableby O = V0O’V (c) same as (a), except that the post-measurement state of the probe is discarded, there being no further
use for the probe; (d) same as (b), except that the post-measurement state of the probe is discarded.

o —— ]

EE— D

o1

Figure 4. Circuit representations of repeated measurements. (a) This straightforward representation quickly becomes unwieldy as
more probes are added to the diagram. (b) The straightforward depiction is cleaned up by using a SWAP gate to move the probe
destined to interact next with the system onto the wire closest to the system for the interaction and then, after the probe’s interaction,
another SWAP gate to move it onto the wire just above its initial wire, ready to be measured. (c) Use of the SWAP-gate trick allows one
easily to depict the repetitive interaction of N probes with the system. Readers familiar with circuit diagrams might find this usage
confusing at first, but with a little practice, will come to appreciate both its convenience and its manifestly iterative depiction of the
initial probe states, of the probes’ interactions with the system, and of the measurements on the probes. Indeed, (c) depicts clearly the
essential elements of Markovian system evolution: the separate probe states on the left, the separate probe interactions on the bottom
two wires, and the separate probe measurements on the right.

The SWAP trick works because our system is distinct from the probes in an important way. We are assuming
that the system is persistent and not directly accessible—i.e., we cannot directly measure or swap the state of the
system—while the probes are transient, interacting with the system once and then flying away to be measured. In
figure 4 we have included subscripts to individuate the probes, although we often omit these designations since
the circuit wire already contains this information—e.g., in a circuit diagram, we can drop the probe designation
nfrom o, since the diagram tells us which probe this density operator describes.

Under the repetitive measurements depicted in figure 4(c), the system undergoes a conditional dynamics,
where the conditioning is on the results of the measurements on the probes. Discarding the results of the
measurements on the probe is equivalent to not doing any measurements on the probe, and then the system
dynamics are the unconditional open-system dynamics that come from tracing out the probes after they interact
with the system.
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Figure 5. Two different scenarios that produce non-Markovian system dynamics by changing the probe-system interactions away
from the Markovian pattern in figure 4(c): (a) A finite environment (here consisting of three probes) forces the probes to return and
interact repeatedly with the system. (b) Successive probes simultaneously interact with the system, making it impossible to separate
the environment into disjoint modes that individually interact with the system.

The circuit diagram in figure 4(c) can be thought of as depicting probes that successively and separately
scatter off the system and then are measured to extract the information picked up from the system in the
scattering event. Indeed, the diagrams highlight the essential assumptions behind the Markovian system
evolution that comes with this sort of scattering. Each probe, in its own state, uncorrelated with the other probes,
scatters off the system and then flies away, never to encounter the system again; this happens, for example, when
avacuum or thermal field scatters off the system and propagates away to infinity. The result is Markovian
unconditional evolution; to get Markovian conditional evolution, one requires in addition that the probes be
measured independently. Markovian evolution is usually thought of in the context of continuous-time
evolution, in which the interaction unitaries U correspond to repetitive Hamiltonian evolution for infinitesimal
time intervals and thus are necessarily weak interactions that give rise to weak, continuous measurements on the
system. Despite the importance of continuous-time evolution and continuous measurements, which are the
focus of this paper, the circuit diagram in figure 4(c) allows one to see clearly what is involved in Markovian
evolution even for finite-time interaction events: the separate probe states on the left, the separate probe
interactions on the bottom two wires, and the separate probe measurements on the right. The circuit diagrams
for infinitesimal time interactions are the foundation for the Markovian input-output theory of quantum optics,
which we consider in section 6. 1.

Various modifications to the circuit diagram of figure 4 give non-Markovian evolution. One modification is
to initialize the probes in a correlated state, either via classical correlations or via the quantum correlations of
entanglement. A second kind of modification, depicted in figure 5, is to allow the system to interact with each
probe multiple times, by having a probe return and interact yet again after other probes have interacted with the
system, as in figure 5(a), or to have a time window in which multiple probes interact with the system, as in
figure 5(b). The first of these is the general situation when a finite environment interacts with the system;
environment ‘modes’ acting as probes never exit cleanly, so a mode can interact with the system more than once.
We note that the methods developed in [54, 55] allow probes to overlap in the same time window and thus might
provide an avenue to describing non-Markovian dynamics. Finally, conditional evolution can be non-
Markovian when one makes joint measurements, instead of independent measurements, on the probes after
they depart from the system. This occurs when modeling finite detector bandwidth as discussed in [66,
section 4.8.4].
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3.3. Conditional evolution and Kraus operators

Suppose that, as is depicted in figure 4(c), we cause the system, initially in pure state p = |9t} |, to interact
sequentially with N probes, initially in the product state i® - -- ®ay, where we assume, for the moment, that the
initial probe states are pure, i.e., 0, = |¢),(@ |- The interaction of the nth probe with the system is described by
the unitary operator U™, and after the interaction, we measure the observable O on each probe, obtaining
outcomes 0;,...,0; . We want to calculate probabilities for obtaining different sequences of measurement
outcomes, as well as the conditional quantum state of the system after observing a particular sequence of
outcomes. These probabilities can be derived in a variety of ways, some of which were explored in [54, 55],
producing the following expressions [56]: the probability for the outcome sequence is

PI'(Ojl,...,Oled)) = <{[)N|{Z)N>> (312)
where
[Un) = (0j,h® -+ @(0j INUN - UD|¢) © |¢ph@ - ®|¢)n (3.13)

is the unnormalized system state at the end of the entire process and

[Yn) = |'€7]N>/V (OnlYN) (3.14)

is the corresponding normalized state after the process. As the number of probes increases, these expressions
become pointlessly unwieldy, since in the Markovian situation of figure 4(c) we should be able to deal with the
probes one at a time. The most efficient way to write the results is to use the system-only formalisms of positive-
operator-valued measures (POVMs) and quantum operations, which were historically introduced as effects and
operations.

The ingredient common to both POVMs and quantum operations that gives us this system-only description
is the Kraus operator, which we define in the standard way using partial inner products:

K; = (0j|U|9). (3.15)
As usual, these Kraus operators give rise to POVM elements,
Ej = K] K, (3.16)
and the POVM elements resolve the identity,
SE =1 (3.17)
j

The POVM elements specify the quantum statistics of a generalized measurement on the system. The
conditional (unnormalized) state of the quantum system after observing a single outcome o;1is

p = (0lU(p @ |6} D) U'loy) = {0lUl9) p(¢|U"lo;) (3.18)
and is thus described by a quantum operation constructed from the single Kraus operator Kj,
p = K;jpK]. (3.19)

One can easily see that the unnormalized system state (3.13) after observing a particular outcome
sequence is

[Un) = K, - Kjlv). (3.20)

Writing this in terms of the system’s initial density operator—allowing us to accommodate mixed initial system
states—we get the unnormalized final system state

pn = Kj, - KjpK| - K], (3.21)
the probability of the outcome sequence
Pr(0js--0;,1p) = Trpyl = Tr[Kj, - Kj pK} - K] 1, (3.22)
and the normalized final state of the system,
B K, - K].IPKJTI K}N
 TrlKj, - KjpK] - KT

o (3.23)

The Markov nature of the model manifests itself algebraically as the decomposition of the collective Kraus
operator for all N measurements into a product of separate Kraus operators for each probe. Indeed, the Kraus
operators for the nth probe, K; = (o; | U™|¢,), neatly display the elements of Markovian evolution: each probe
has its own initial state, its own interaction with the system, and its own measurement. As a consequence, the
results for a sequence of measurements can be dealt with one probe at a time; in particular, the system state after

8



10P Publishing

Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

n + 1 measurements is

. K. pKkT KT
p — K]*l+1 KJI pKh an+1
=
s Pr(oj],...,ojnﬂlp)

~K, p, ]T Pr(ojl,...,ojn|p)

n+ n . .
+1 Pr(oh,...,ojm|p)

- T
K]n+1'0”KJ,l+1 (324)

= 5
Pr(o]-n“ |0j1” . "Ojn’ p)

the final denominator here is the conditional probability for the (n + 1) th outcome, given the previous
outcomes, which can be written as

Pr(ojwlojl,...,oj”, p) =Tr[p,E; 1. (3.25)

Int1

Notice that for consistency, we should denote the initial state as p = p,,.
Quantum trajectories are usually formulated as difference equations,

Apﬂlj = Pui1)j = P (3.26)

or, in the continuous-time limit, as the corresponding differential equation. Here we have explicitly denoted the
(n + 1) th measurement outcome by jand left all prior measurement results implicit in the density operator p,.
The object of this paper is to derive equation (3.26) for different choices of the elements that go into the Kraus
operator (3.15),1.e., the measurement outcomes (oj|, the interaction unitary U, and the initial state | ).

A final point that we need later on is how to find the Kraus operators when the probes begin in a mixed state.
For a mixed probe initial state,

o=> Mk)kl, (3.27)
k

the unnormalized post-measurement system state (3.18) becomes
p=(0jlUp @ oU"|o)

= > VX (ol UIK) p (KU Tloj) Ak
k

= > KiepKjp, (3:28)
k

where the Kraus operators, defined by
K == M (o UIK), (3.29)

acttogether to make up a quantum operation.

Armed with this language of Kraus operators, we can put forward alternative descriptions of projective and
weak measurements. A projective measurement is one whose Kraus operators are one-dimensional projectors,
and weakness (or gentleness or fuzziness) is measured by the extent to which this is not the case, by having Kraus
operators that are either sub-unity multiples of one-dimensional projectors or operators higher than rank one.
Typically, what is meant by a weak measurement is a measurement whose Kraus operators are mostly ‘close’ to
some multiple of the identity operator, corresponding to outcomes that do not disturb the system much,
although there might also be some which are very ‘small,’ corresponding to outcomes that might significantly
disturb the system, but that occur infrequently.

3.4. Open-system dynamics

We finally note that every conditional dynamics gives rise to an unconditional, open-system dynamics that
corresponds to throwing away information about measurement outcomes. In the Markovian scenarios we are
considering, throwing away the probe information at timestep # + 1 gives evolution described by a quantum
operation A:

Alpl =3 KjpK], (3.30)
j

Puir = Alp,]. (3.31)

Notice that for a mixed-state probe, the Kraus operators Kj; of equation (3.29) go together in equation (3.28) to
make an outcome-dependent quantum operator A;[p] = >~ Kk pK]Tk that can be thought of as coming from
throwing away the information about the probe’s initial state.

The differential equation corresponding to the evolution (3.31) is known as the master equation. As is well
known [71], the Kraus decomposition (3.30) for the quantum operation A is not unique. Different Kraus




10P Publishing

Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

decompositions correspond to performing different measurements on the probes and result in different system
dynamics. In the trajectory literature, these alternative stochastic dynamics are known by Carmichael’s
terminology of unravelings [58]. The relationship of the master equation to equation (3.26) is

Ap, =D Pr(jlp) Py — po = BlAp, ;. (3:32)
j

4. Continuous measurements with probe fields

We have now presented circuit-model and algebraic representations of the conditional evolution of a quantum
system subjected to a sequence of weak measurements. In this section we formally describe sequences of weak
interactions between a system and a probe field and discuss how the approximations made in quantum input-
output theory allow us to use the circuit of figure 4(c) to describe the quantum trajectories arising from
continuous measurement of the probe field. The probe field—and the probe qubits we use in lieu of a field—are
often referred to as a reservoir or a bath.

We begin by writing the combined Hamiltonian for the system coupled to the field as

H= Hsys + Hfield + Hinteraction- (41)
For simplicity, we assume that the interaction Hamiltonian is linear in the one-dimensional probe field 4,
Hinteraction = 1\/7(6 02y a+ - Lﬁ & a): (42)

where cis a system operator. Representative examples are coupling to the angular momentum of a collection of
atoms yielding ¢ = J_, coupling to the position of an oscillator yielding ¢ = a, and nonlinear coupling to an
optomechanical oscillator yielding an effective ¢ = x after several approximations [72]. Writing the interaction
Hamiltonian in this form uses the rotating-wave approximation (RWA) to keep only the energy-conserving
terms in the interaction. Typical interaction terms involve the product of a Hermitian system operator and a
Hermitian field operator. Writing these Hermitian operators as sums of positive- and negative-frequency parts
leads to four terms in the interaction Hamiltonian, only two of which conserve energy when averaged over times
much longer than the system’s characteristic dynamical time. The RWA retains these two energy-conserving,
co-rotating terms and discards the two counter-rotating terms, leaving the interaction Hamiltonian (4.2).
Making the RWA requires averaging over times much longer than the system’s dynamical time. We say more
about the RWA below.

Itis useful to work in the interaction picture, where the free time evolution of the system and field (generated
by Hy := Hyys + Hjelg) is transformed into the operators, leaving a time-dependent interaction Hamiltonian,

HI(t) = eiHotHinteractioneiiHot = 1\/7 [C(t) & aT(t) - CT(t) @ tl(t)]. (43)

In the interaction picture, the system operator c acquires a free time dependence; we assume now that the system
has a single transition (characteristic) frequency €2, so that c(t) = ¢ e~"*. The field operators also acquire a time
dependence; each frequency mode of the field oscillates at its angular frequency w, i.e., as e~**. Indeed, the
positive-frequency part of the field appearing in equations (4.2) and (4.3) is constructed from the frequency-
mode annihilation operators a (w) and is given by

a(t) = j;oo i—: a(w)e ™, (4.4)

The field in equation (4.4) is written in photon-number units, by which we mean it is the Fourier transform of
the frequency-domain annihilation operators, which obey the canonical commutation relations

[a(w), a’ (W] = 2m6(w — ). (4.5)

Writing the field in these units omits frequency-dependent factors in the Fourier transform, and this omission is
called the quasimonochromatic approximation, which assumes that the coupling of the field to the system is weak
enough, i.e., v < (1, that only field frequencies near the system transition frequency €2, i.e., those within a few
linewidths «y of €2, are important. This allows us to choose the averaging time required by the RWA much longer
than the system’s characteristic time 1 /€2, but much shorter than the inverse linewidth 1/~; i.e., the averaging
time is long enough to average away the counter-rotating, energy-nonconserving parts of the interaction
Hamiltonian, but short enough that not much happens to the system during the averaging time.

It is convenient to introduce a new field operator,

b(t) = e®a(t) = fj; j—; a(Q + e)e e, (4.6)

which has its zero of frequencies shifted to the transition frequency 2. Within the quasimonochromatic
approximation, we can extend the integral over € to —oo; introducing phantom modes at negative w =  + ¢

10



10P Publishing

Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

does not make any difference because they do not participate in the narrow-bandwidth coupling to the system.
This gives us

b(t) = foc j—g a() + e)eiet. (4.7)

—00 LT

The advantage of extending the integral to — o0 is that the field operators b(f) become instantaneous temporal
annihilation operators, obeying the canonical commutation relations,

[b(r), bT(tN) = 6(r — t'). (4.8)

These operators are often called ‘white-noise operators’ because of their delta commutator, which permits them
to be delta-correlated in time like classical white noise. The interaction Hamiltonian now assumes the following
continuous-time form:

Hi(t) = iy7le @ b'(t) — ¢ ® b(1)]. (4.9)

The essence of the quasimonochromatic approximation is the use of the photon-units field operator (4.7). The
notion of creating instantaneous photons at the characteristic frequency €2 clearly requires a bit of cognitive
dissonance: it is valid only if ‘instantaneous’ is understood to mean temporal windows that are broad compared
to 1/£2, corresponding to a narrow bandwidth of frequencies near §2.

The discrete interactions in figure 4 arise from the continuous-time interaction Hamiltonian (4.9) by dividing
the field into probe segments, starting at times ¢, = nAt, n = —o0, ..., 00, allof duration t,,; — ¢, := At.We
assume, first, that At >> Q! so that within each segment At, the interaction with the probe field is averaged over
many characteristic times of the system, as required by the RWA, and, second, that At < v~ !so that the probe/
system interaction over the time At is weak. Instead of using the frequency modes a (€2 + €) or the instantaneous
temporal modes b(f), we now resolve the field into discrete temporal modes b,, ;. as

b(t) = b O(t — t,)e 2mkt/ AL (4.10)
n—z;oo k—E;oc \/_ ¢

where ©(u) is the step function that is equal to 1 during the interval 0 < u < At and is 0 otherwise. The discrete
temporal modes are given by

b = e f " dr e/ Bt p)
ty

de o 2mk\(tat taa sin(e At — 2wk) /2
= J_f a(Q + 6)exp[ 1(6 A )( > )] Aok (4.11)

These modes obey discrete canonical commutation relations,
[bn,k) b;,l] = OumOxss (4.12)

this is the discrete-time analogue of continuous-time white noise of equation (4.8). We now recall that the
interaction is weak enough, i.e., v < €2, that only frequencies within a few y of 2 need to be considered; given
our assumption that 1 /At >> +, this allows us to neglect all the discrete temporal modes with k = 0, reducing
the probe field to

b(t) = Z J_b(%(t t), (4.13)
where
1 [PFS]
b,=b,y= — dt b(p). 4.14
Iy f | () (4.14)

The neglect of all the sideband modes is illustrated schematically in figure 6. Plugging this expression for the
probe field into the equation (4.9) puts the interaction Hamiltonian in its final form,

Hi(t) = i HMO(t — t,), (4.15)

n=-—o00

where

H(n)—z/ (c®b—c ®b)—1(vc®f—ﬁ «/bA_t (4.16)

is the interaction Hamiltonian during the nth probe segment. It is this Hamiltonian that is used to generate the
discrete unitaries in figure 4.
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Figure 6. (a) On-resonance and first two sideband discrete temporal modes, represented in the interaction picture, where the on-
resonance mode has frequency wy = € (¢ = 0) and the first two sideband modes have frequencies wy, = Q + 27 /At

(e = £27/At).(b) Nlustration of the case where the interaction is sufficiently weak that the first two sideband discrete modes—and,
hence, all the other sidebands—are sufficiently off resonance to ignore; it is thus also true that sensitivity to low frequencies is small
enough that we can introduce the phantom negative-frequency field modes of equation (4.7), with frequencies w = Q + € < 0,
without altering the physics. This diagram illustrates the essential assumptions for the RWA and the quasimonochromatic
approximation: v < 1/Ar < Q.

Before exploring the interaction unitary, however, it is good to pause to review, expand, and formalize the
assumptions necessary to get to the discrete Hamiltonian (4.16) that applies to each time segment or, more
generally, to get to the Markovian quantum circuit of figure 4. The restriction of the system-probe interaction to
be a sequence of joint unitaries between the system and a single probe segment is often referred to as the first
Markov approximation. This approximation is valid when the spatial extent Ax of the system is small with
respect to the spatial extent cAt of the discretized probes. For many typical scenarios (e.g., atomic systems), the
time interval At can be made quite small, often even smaller than the characteristic evolution time Q7!, before
the spatial extent of the probes becomes comparable to the spatial extent of the system, which would force us to
use a non-Markovian description like figure 5(b). The reason we did not encounter this assumption in the
analysis above is that it is already incorporated in our starting point, the interaction Hamiltonian (4.2). A typical
interaction Hamiltonian involves a spatial integral over the extent of the system. In writing the interaction
Hamiltonian (4.2), we have already assumed that the system is small enough that the spatial integral can be
replaced by a point interaction.

The initial product state of the probes is often referred to as the second Markov approximation. This
approximation is valid when the correlation time 7, in the bath is much shorter than the duration At of the
discrete probe segments. This is often an excellent approximation, as baths with even very low temperatures
have very small correlation times. For example, the thermal correlation time 7, = /% /27kT ~ 10 ps - KT given
by equation (3.3.20) in [73] is approximately 10ns for a temperature of 1 mK. On the other hand, the vacuum
correlation time 7, ~~ 1/27(2 at the characteristic frequency means that if vacuum noise dominates, then the
second Markov approximation requires that the probe segments be much longer than the system’s dynamical
time, i.e., At > 1/€2. For a treatment of the nonzero correlation time of the vacuum in an exactly solvable
model, see [74].

The product measurements at the output of the circuit in figure 4(c) do not affect open-system dynamics, for
which the bath is not monitored, but they do enter into a Markovian description of dynamics conditioned on
measurement of the bath. The product measurements are a good approximation when the bandwidth of the
detectors is sufficiently wide to give temporal resolution much finer than the duration of the probe segments we
used to discretize the bath.

The remaining pair of closely related approximations, as we discussed previously, are the RWA, which has to
do with simplifying the form of the interaction Hamiltonian, and the quasimonochromatic approximation,
which has to do with simplifying the description of the field so that each At probe segment has only one relevant
probe mode. The three important parameters in these two approximations are the characteristic system
frequency (2, the linewidth -, and the duration of the time segments, At, and the approximations require
thaty < 1/At < Q.

The approximations we make are summarized below:

Ax < cAt First Markov, (4.17)
T. K At Second Markov, (4.18)
A< At <yt RWA and quasimonochromatic. (4.19)

We note that it is possible to model systems with several different, well-separated transition frequencies by
introducing separate probe fields for each transition frequency, as long as it is possible to choose discrete probe
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time segments in such a way that the above approximations are valid for all fields introduced. The several probe
fields can actually be parts of a single probe field, with each part consisting of the probe frequencies that are close
to resonance with a particular transition frequency.

The approximations now well in hand, we return to the Hamiltonian (4.16) for the nth probe segment. The
associated interaction unitary between the system and the nth probe segment is given by

UM = "M — 101+ JAT(c® b — ¢t ®@ b, + %AT(C @b — ¢t @ by)?* + O(AT?),  (4.20)

where we define a dimensionless time interval,
AT = YAt < 1, (4.21)

suitable for series expansions. We only need to expand the unitary to second order because we are only interested
in terms up to order A7 for writing first-order differential equations. A comprehensive and related presentation
of the issues discussed above can be found in the recent paper of Fischer et al [75].

Notice that we can account for an external Hamiltonian H.y applied to the system, provided it changes
slowly on the characteristic dynamical time scale 1/€2 of the system and leads to slow evolution of the system on
the characteristic time scale (if such a Hamiltonian is not slow, it should be included in the free system
Hamiltonian Hgy). In the interaction picture, the external Hamiltonian acquires a time dependence and
becomes part of the interaction Hamiltonian; since it is essentially constant in each time segment, its effect in
each time segment can be captured by expanding its effect to linear order in At. Itis easy to see that the
interaction unitary (4.20) is then supplemented by an additional term —iA¢ H.,,,; when we convert to the final
differential equation, this term introduces the standard commutator —i dt [Hey, p]foran external
Hamiltonian.

5. Quantum trajectories for vacuum field and qubit probes

We are now prepared to discuss the quantum trajectories arising from the continuous measurement of a probe
field coupled to a system as described in the previous section. In this context we often drop the explicit reference
to which probe segment we are dealing with, since the Markovicity of figure 4(c) means we can consider each
probe segment separately. Unconditional open-system evolution follows from averaging over the quantum
trajectories or, equivalently, tracing out the probes.

Probe fields initially in the vacuum state are our concern in this section. Because the interaction between
individual probes and the system is weak, the one-photon amplitude of the post-interaction probe segment is
O(JAT ), the two-photon amplitude is (A1), and so on. Since these amplitudes are squared in probability
calculations, the probability of detecting a probe with more than one photon is O(A72) and can be ignored. This
suggests that it is sufficient to model the probe segments with qubits, with |¢) corresponding to the vacuum state
of the field and | e) corresponding to the single-photon state. We replace the discrete-field-mode annihilation
operator b,, in equation (4.20) with the qubit lowering operator o and b, with o, :

U=101+ VAT (® 0. —cT®0c) + %AT(C ® oy — " ® 0.)? (5.1a)
_ / t 1 i i
=114+ VAT (R0 — T ® o) — EAT(CC ® leXe| + cfc @ |g)gl). (5.1b)

With this replacement, the neglect of two-photon transitions in the probe-field segments is made exact by the
factthat 0 = o = 0; these squared terms thus do not appear in equation (5.1b).

In sections 5.1-5.4 we establish the correspondence between this qubit model and vacuum SMEs, where
vacuum refers to the state of the probe field. In particular, we present qubit analogues of three typical
measurements performed on probe fields: photon counting, homodyne measurement, and heterodyne
measurement.

We transcend the vacuum probe fields in section 6 to Gaussian probe fields and find that formulating a qubit
model requires additional tricks beyond just noting that weak interactions with the probe do notlead to
significant two-photon transitions. Nevertheless, we are able to find qubit models that yield all the essential
features of these Gaussian stochastic evolutions.

While the qubit model we develop is meant to capture the behavior of a ‘true’ field-theoretic model, it is
important to note that there are scenarios where qubits are the natural description. For example, in Haroche-
style experiments [76] a cavity interacts with a beam of atoms, accurately described as a sequence of finite-
dimensional quantum probes. Such scenarios have been analyzed for their non-Markovian behavior [77],
section 9.2, and similar models are increasingly studied in the literatures of thermodynamics [78, 79] and
collisional models [80—82].
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Figure 7. Circuit depicting the system interacting with a vacuum probe (probe initially in the ground state) which is subsequently
subjected to measurement of the qubit number operator o, o, the qubit analogue of a photon-counting measurement. The eigenvectors
of oio_ = |e)e| = %(Jl + o) are identical to those of o, thus allowing us to think instead of a measurement of the Pauli observable o.

5.1. Z basis measurement: Photon counting or direct detection

As a first example, we consider performing photon-counting measurements on the probe field after its
interaction with the system. We calculate the quantum trajectory by first constructing the Kraus operators given
by equation (3.15). For probes initially in the vacuum state we have | ¢) = |g), and our interaction unitary is
given by equations (5.1). What remains is to identify the measurement outcomes (oj|. The qubit version of the

number operator b'bis 0,0 = |e){e| = %(]l + 0,). Measuring this observable, as depicted in figure 7, is
equivalent to measuring o,. The measurement outcomes are then (g| and (e | and give the Kraus operators
K = (glUllg) =1 — JAT e, (5.2a)
K, = (elUlg) = VAT c. (5.2b)
The corresponding POVM elements (to linear order in A7) are
E,=K]K,=1- At clc, (5.3a)
E.=K'K, = At cfe, (5.3b)

which trivially satisfy E, + E, = 1. We call the Kraus operators (5.2) the photon-counting Kraus operators. These
operators are identical to those derived for photon counting with continuous field modes [66, equations (4.5)
and (4.7)], as we expected from the vanishing multi-photon probability discussed earlier.

To calculate a quantum trajectory we need to describe the evolution of the system conditioned on the
outcomes of repeated measurements of this kind. The state of the system after making a measurement and
getting the result gduring the (n + 1)th time interval, i.e., between t,,and t,,; 1, is

Kep,Ki oy — %AT (c'ep, + p,cic)

= = . 5-4
Protis = T E | 1 — A7 Tr[p,cic] G4

The subscript n 4 1on p, . indicates, as in equation (3.24), that this is the state at the end of this probe
segment, after the measurement; the subscript g indicates that this is the state conditioned on the measurement
outcome g. The state p, , , is conditioned on all previous measurement outcomes as well, but we omit all of that
conditioning, letting it be implicit in p,. Expanding the denominator to first order in A7 using the standard
expansion (1 + xA7)™! = 1 — xA7 + O(A7?)allows us to calculate the difference equation (3.26) when the
measurement resultis g:

Apyig = Puirlg = Pu = —%AT(CTCpn + p,cfc — 2p, Trp,cicl) + O(AT?) = —%AT Hic'clp,,  (5.5)
where we employ the shorthand
HX]p = Xp + pXT — pTr[pX + XT)]. (5.6)

Repeating the analysis for the case when the measurement result is e gives

K.p KI cp,ct
Prs1je = Pue _ Pt (5.7)
Tr [ane] Tr [pnCTC]

The difference between the pre- and post-measurement system states when the measurement result is e is thus

cp,c

Apyie = Pusile — Pn = m — p, = Glclp, (5.8)
where we define
Xpxt
GIXIps= 0 59
[X1p Tr[pX'X] p (5.9)

Having separate equations for the two measurement outcomes is not at all convenient. Fortunately, we can
combine the equations by introducing a random variable AN that represents the outcome of the measurement:

14



10P Publishing

Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

AN :g+— 0,e+— L. (5.10)

Since this random variable is a bit (i.e., a Bernoulli random variable) its statistics are completely specified by its
mean:

E[AN] =0 - Tr[pEg] + 1 - Tr[pE,] = A7 Tr [pcte]. (5.11)
We now combine the difference equations into a single stochastic equation using the random variable AN

ApnlAN = Pu+1|AN — Pa

+
= AN L -p,| -0 = AN)lAT(CTCpn + p,cfc = 2p, Tr(p,cic])

Tr(p,c'c] 2
= ANG[clp, — (I — AN)SAT Hiclclp, (5.12)

It quickly becomes unnecessarily tedious to keep timestep indices around explicitly, since everything in our
equations now refers to the same timestep, so we drop those indices now. Discarding AN A7, since it is second
order in AT (see equation (5.11) and [66, Chap. 4]), we simplify equation (5.12) to

+
Apay = AN(LCT - p] - %AT(CTCP + pcfc — 2p Tr[pcfc])
Tr[pc'c]
= A1 Dlc]p + AIpGlclp, (5.13)

where we introduce the standard diffusion superoperator,
DIX1p = XpX" — 2(X'Xp + pX'X), (5.14)

and the photon-counting innovation,
ATp = AN — E[AN], (5.15)

which is the difference between the measurement result and the mean result (i.e., it can be thought of as what is
learned from the measurement). The subscript D here plays off the fact that photon counting is often called direct
detection and is used in place of N because N has too many other uses in this paper.

By taking the limit A7 — ~dt we obtain a stochastic differential equation,

:
dpp = dN| —2— — p| - 2ydt(clep + pele — 2p Tr[pe'e])
Tr[pc'c]

— dt DI 7 clp + dIpGlclp, (5.16)

where dN is a bit-valued random process, termed a point process, with mean E[dN] = ~dt Tr[pc’c]and the
innovationis given by dZp = dN — E[dN]. This equation is called the vacuum stochastic master equation
(SME) for photon counting; i.e., it is the stochastic differential equation that describes the conditional evolution
of a system that interacts with vacuum probes that are subjected to photon-counting measurements.

Equation (5.16) has no explicit system-Hamiltonian term. Although this differs from other presentations
our readers might be familiar with, it is merely an aesthetic distinction. Recall from the discussion at the end of
section 4 that well-behaved system Hamiltonians can be introduced by including an additional commutator
term in our differential equations. In this case, the modification yields

dpp, = —i dt [Hew, p] + dt D[ J7 clp + dIpGlclp. (5.17)

Itis important to stress that in practice, for numerical integration of these equations, one uses the difference
equation (5.13), not the differential equation (5.16); i.e., what one uses in practice is the difference equation that
corresponds to the discrete-time quantum circuit in figure 4(c). One assigns to the system a prior state p,, that
combines with the initial probe states to make an initial product state on the full system/probe arrangement.
This prior state describes the system at the moment coupling to the probes is turned on and measurements
begin. Each time a new measurement result is sampled, equation (5.13) is used to update the description of the
system. If we describe our system by p, after collecting # samples from our measurement device, observing AN
for sample nn 4+ 1leads to the updated state p, . ; = p, + Apry-

Another application of the difference equation is state/parameter inference. In the case of state inference,
one has uncertainty regarding what initial state p,, to assign to the system. General choices for p, will be
incorrect, invalidating some of the properties described above. In particular, the innovation will deviate from a
zero-mean random variable, and these deviations observed for a variety of guesses for p, will yield likelihood
ratios that can be used to estimate the state, as was done in [33]. One can also keep track of the trace of the
unnormalized state (3.19), which encodes the relative likelihood of the trajectory given the evolution
parameters, allowing one to judge different parameter values against one another, as was implemented in [28].
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Figure 8. Circuit depicting the system interacting with a vacuum probe (probe initially in the ground state) which is subsequently
subjected to measurement of the qubit quadrature operator o, + o = 0y, the qubitanalogue of a homodyne measurement. Just as
for photon counting, the qubit measurement corresponds to a Pauli observable.

The differential equation that describes the unconditional evolution corresponding to equation (5.16) is
called the master equation. To obtain the master equation, we simply average over measurement results in
equation (5.16). The only term that depends on the results is dZp, and its mean is zero, so the master equation is

dp = Eldpp] = dt D[ /7 clp. (5.18)

Just as was the case for the SME (5.16), equation (5.18) has no explicit system-Hamiltonian term. The same
reasoning that allowed us to add such a term and arrive at equation (5.17) allows us to add the same term to
equation (5.18):

dp = Bldpp] = —i dt [Hex, p] + dt D[ [7 clp. (5.19)

For the remainder of our presentation, such system-Hamiltonian terms are generally left implicit.

5.2. X basis measurement: Homodyne detection
We can produce, as in Brun’s model [34], a different system evolution simply by measuring the probesina
different basis. To be concrete, let us consider measuring the x-quadrature of the field, b + b. In the qubit-
probe approach, this means measuring o, + o = o, as shown in figure 8.

This measurement projects onto the eigenstates

16.) = (Ig) + 1)) /2 (5.20)
of 0;.. The Kraus operators are linear combinations of the photon-counting Kraus operators,
. 1 1 1 +
Ky = (¢,|Ulg) = — Ky £ K = f(l + VAT ¢ — SA7 ce), (5.21)
and the corresponding POVM elements (to linear order in A7) are
Ei=KiKi= %(1 + JAT (c + ¢), (5.22)
which clearly satisfy E, + E_ = 1. We write the difference equation as before, keeping terms up to order A7,
oy = KipK] __pE VAT (cp + pc") + AT Dlc]p B
= Tr(pEs] 1 £ VAT Tr[p(c + cH])
= (:l:\/AT — AT Tr[(c + cf)p])H[c]p + AT Dlc]p, (5.23)

where we have again expanded the denominator using a standard series,

1
— =1 — xJAT + xAT 4+ O(ATY?), (5.24)
1+ xvAT

The dependence on the measurement result + is reduced now to the coefficient ++/A7 inequation (5.23).
We rewrite this stochastic coefficient as a random variable, AR, again dependent on the measurement outcome
suchthat AR : + — ++/A7 . Theaverage of this random variable to order AT is

E[AR] = VAT Tr[pE,] — VAT Tr[pE_] = A7 Tr[(c + ¢)pl. (5.25)

This is exactly the term subtracted from AR in the coefficient of H[c] p in equation (5.23); thus, defining the
homodyne version of the innovation as

AZy == AR — E[AR], (5.26)

we bring the homodyne difference equation into the form,
Ap, = AT Dlclp + AZyHlclp, (5.27)

which is the difference equation one uses for numerical integration in the presence of homodyne measurements.
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Another simple calculation shows the second moment of AR to be
E[(AR)’] = AT Tr[E,p] + AT Tr[E_p] = AT. (5.28)
By definition the innovation has zero mean, and its second moment is the variance of AR,
E[(AZy)*] = E[(AR)’] — (E[AR])* = Ar, (5.29)

where again we work to linear order in A7. It is now trivial to write the continuous-time stochastic differential
equation that goes with the difference equation (5.27):

dpy = dt DL 7 clp + dW HIJ7 clp. (5.30)

In the continuous limit, the innovation AZy becomes /5y dW, where dW is the Weiner process, satisfying
E[dW] = 0and E[dW?] = dt.

Changing the measurement performed on the probes does not alter the unconditional evolution of the
system, so averaging over the homodyne measurement results gives again the master equation (5.18):

dp = Eldpy] = dt D[ /7 clp = Eldpp]. (5.31)

The results so far in this subsection are for homodyne detection of the probe quadrature component
X = 0y + 0_ = 0, 1.e.,, measurement in the basis (5.20). It is easy to generalize to measurement of an arbitrary
field quadrature b + e~*¥b", which for a qubit probe becomes a measurement of the spin component

X(p) = e¥o_ + e 0, = 0, cos p + 0y sin . (5.32)

This means measurement in the probe basis [eigenstates of X (¢)],

[, (p)) = %(|g> + e ¥le)), (5.33)

5

where we can also write

|6, () = e=¥/2[cos(p/2)|,) + isin(p/2)|¢)],
|6_(p)) = e #/?[isin(p/2)|¢,) + cos(¢/2)|¢)]. (5.34)

The resulting Kraus operators are

Ki(p) = (¢.(9)|Ullg)
1

- (K, + ¢i¥K,)
= %(Jl + JAT eic — %AT c*c), (5.35)
with corresponding POVM elements
Ex(9) = KL@Ke(p) = (1 VAT (e + eivch), (5.36)

We see that the results for measuring X can be converted to those for measuring X () by replacing c with ¢ €.
Thus the conditional difference equation is

Ap, = AT Dlclp + AZyHlc %] p, (5.37)

and the vacuum SME becomes

dpy = dt DI /7 clp + dW H[J7 ¢ e¥]p. (5.38)

5.3. Generalized measurement of X and Y: Heterodyne detection

Heterodyne measurement can be thought of as simultaneous measurement of two orthogonal field quadrature
components, e.g., b + bfand —i(b — b"). In our qubit model, this corresponds to simultaneously measuring
along two orthogonal axes in the x-y plane of the Bloch sphere, e.g., o + 0 = 0, = Xandi(o. — o) =

0, = Y = X (7 /2). Obviously, it is not possible to measure these two-qubit observables simultaneously and
perfectly, since they do not commute, but we can borrow a strategy employed in optical experiments to measure
two quadrature components simultaneously. The optical strategy makes two ‘copies’ of the field mode to be
measured, by combining the field mode with vacuum at a 50-50 beamsplitter; this is followed by orthogonal
homodyne measurements on the two copies. This strategy works equally well for our qubit probes, once we
define an appropriate beamsplitter unitary for two qubits,
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Figure 9. Beamsplitter implementation of heterodyne measurement of x and y spin components of a qubit probe.

BS() = exp li(1jo- © 0i + 1¥o; © 0]
= |gg)gg| + lee)(ee| + cos|nl(Ige)(ge| + leg)eg|) + isin|nl(e®l|ge)eg| + e “leg)(gel),  (5.39)

where 17 = |n|e®. Specializing to n = —in /4 yields
. 1
BS := BS(—im/4) = |gg)(gg| + lee)ee| + f(lgeXgeI + leg)eg| + Ige)eg| — leg)gel). (5.40)

This ‘beamsplitter’ behaves rather strangely when excitations are fed to both input ports, but this is not an issue
since the second (top) port of the beamsplitter is fed the ground state, as illustrated in figure 9.

Itis useful to note here, for use a bit further on, that the beamsplitter unitary, when written in terms of Pauli
operators, factors into two commuting unitaries,

BS = exp (i%ax ® ay) exp(fz%a}, ® crx). (5.41)

This factored form is easy to work with and leads to

BS =[1 ® 1cos(m/8) + ioy ® o, sin(m/8)][1 ® Lcos(m/8) — io, ® oy sin(m/8)]
1

242

which immediately confirms equation (5.40).

To calculate the Kraus operators for heterodyne measurement, we project the first probe qubit onto the
eigenstates of the spin component X = ¢, and second probe qubit onto the eigenstates of the spin component
Y = o,. Before proceeding to that, we deal with a notational point for the eigenstates of o, = Y = X (7 /2),
analogous to the notational convention for o, that is summarized in figure 1. The conventional quantum-
information notation for the 1 eigenstates of o, is | +:i) = (|0) = i|1))/~/2, whereas as we introduced in
equation (5.33), we are using eigenstates that differ by a phase factor of Fi:

|p.s) = |ou(m/2)) = %(|g> File)) = $i%(|0> + 1)) = Fil ). (5.43)

1 . .
:5(]l®]l+(fz®0'z)+ I®1-0,® 0, + i0x ® 0, — 10, ® 0%), (5.42)

When all this is accounted for, the Kraus operators come out to be

1

J2
1 g 1 ~. 1

= (K & e TR ) — 5(1 + e+Firld [N — SAT cTc), (5.44)

K.z={¢ |0(02;)A @ BS)(U; ® D|gg) = <¢i(i$7r/4)|U1| g)

where we have introduced two binary variables, + and =, to account for the four measurement outcomes. The
juxtaposition of these two variables, =+, denotes their product, i.e., the parity of the two bits. We see this
notation at work in

. 1 ~ 1 ~
terFimlt — 4+ (1 +F i) = —(+1 F ). 5.45
N ( ) \/5( ) (5.45)
The POVM elements that correspond to the Kraus operators (5.44) are
E,x= i(]l + JAT (eq[;“‘”/“cT + eigi”/4c)) (5.46)

[l + JAT (icj/’; ¥ i(c\/%ﬁ))]. (5.47)

The second form of the Kraus operators in equation (5.44) is equivalent to finding the Kraus operators of the
primary probe qubit for the heterodyne measurement model on the left side of figure 9. One sees from this
second form that the o, and 0, measurements on the two probe qubits are equivalent to projecting the primary
probe qubit onto one of the following four states:

1
4
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Figure 10. The four states, | ¢, ) = | Qﬁi(:tgﬂ' / 4)), whose scaled projectors on the primary probe qubit make up the heterodyne
POVM, as viewed in the x-y plane of the Bloch sphere, shown relative to the positive and negative eigenstates of oy = X and 0, = Y.

6.2 = 16, T /o) = —(g) + 7)) = %(m s LTk ) (5.48)

These four states are depicted in figure 10; they carry two bits of information, which are the results of the ¢, and
o0, measurements in the beamsplitter measurement model. The four states not being orthogonal, they must be
subnormalized by the factor of /2 that appears in equation (5.44) to obtain legitimate Kraus operators.

We conclude that as far as the primary probe qubit is concerned, the heterodyne measurement can be
regarded as flipping a fair coin to determine whether one measures X (7 / 4) = (0, + o)) / J2 or
X(—m/4) = (0 — 0,) /2. The +1 eigenstates of X (7r/4) are |, (7/4)); | ¢ (7/4)) = |¢, ) has
eigenvalue +1,and |¢ (7/4)) = |¢_~) haseigenvalue —1. The £ 1 eigenstates of X (—7/4) are |, (—7/4));
| (—7/4)) = |¢4~)haseigenvalue +1,and |¢ (—7/4)) = |¢_7) has eigenvalue —1. Notice that the fair coin
that decides between these two measurements is the parity of the measurements of o, and ¢, in the heterodyne
circuit of figure 9. Figure 11 goes through the circuit identities that convert the heterodyne circuit involving
measurements on two probe qubits to one that is a coin flip that chooses between the two measurement bases on
the primary probe qubit.

We now turn to deriving the explicit form of the conditional heterodyne difference equation,

Apy 3= % — p. (5.49)
’ TrpEy x]
This time we need two binary random variables to account for the dependence on measurement outcome:
AR, : (£, T) — AT, (5.50)
AR, : (+, F) — FVJAT. (5.51)

We want to write the equation in terms of innovations again, so we need the probability distribution of
measurement outcomes in order to calculate E[AR,]and E[AR, ]:

(1 L VA Tr[pc + CT] Y /AT pﬂ]) (5.5

Pr(4,%) = Tr[pE. 3] = 5 5

1
4

The marginal probabilities, given by

~Y T_
Pr(+) = Y Pr(+, B) = +[1 + VA7 Tr[pc il | § (5.53)
T 2 V2
N N N . .
Pr(E) = Y Pr( D) = 2|1 F VAT Tr[pw] , (5.54)
T 2 V2
allow us to calculate expectation values,
c+cf
E[AR,] = S+ VAT Pr(+) = ArTr| p , (5.55)
n V2
~ ~ ic + (ic)
E[AR,] = > £VAT Pr(£) = A7 Tr| p———|. (5.56)
: 7
We can also find the correlation matrix,
E[(AR,)?] = 3 ArPr(+) = Ar, (5.57)
+
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Figure 11. Circuit-identity conversion of the original heterodyne measurement circuit of figure 9, which involves a beamsplitter on two
probe qubits followed by 0, and 0, measurements on the two qubits, to a fair-coin flip, mediated by the ancillary (top) probe qubit, that
chooses between measurements of X (¢/4) and X (—/4) on the primary (bottom) probe qubit. The first step writes the beamsplitter
unitary BS as a product of the two commuting unitaries in equation (5.41). The second step makes major changes. It first discards the
second piece of the beamsplitter unitary because that piece commutes with the measurements and thus has no effect on outcome
probabilities. It then changes the initial state of the ancillary probe qubit to |e) by including a bit flip oy; surrounds the beamsplitter
unitary on the top wire with 7 /2 rotations about zat the expense of changing the top-wire oy in the beamsplitter unitary to —o,, i.e.,

oy = —R, (7 / 2)o, Rl (w / 2); and finally, surrounds the beamsplitter unitary with Hadamard gates, H = (ox + 0) /~/2, onboth wires,
without changing the beamsplitter unitary because Ho, H = — o0, The third step discards the first z rotation on the top wire because it
only introduces an irrelevant phase change; pushes the o, on the top wire to the end of the circuit, with the sign of the second ¢, in the
beamsplitter unitary changing along the way and with the gate ultimately being discarded because itbecomes a 0, gate preceding the o,
measurement; converts the measurements to o, measurements by using o, = Ho, H = HRZ'" (7 / 2)oy R, (7 / 2) H; and finally introduces
aninitial CNOT gate, which does nothing since it acts on the initial state |e) on the top wire. The fourth step pushes the CNOT through to
the end of the circuit: the two Hadamards reverse the direction of the CNOT, putting the control on the bottom wire and the target on the
top wire; pushing this CNOT through the beamsplitter unitary transforms the o, ® o, to —0x ® 0. After this move, the bottom
Hadamard is pushed through the beamsplitter unitary, further converting the 0, ® o to 0, ® 0. The fifth step converts the
beamsplitter unitary to a rotation and a controlled rotation using e=®7 /8 = exp[—io, ® %(Jl — 0T / 4]ei=21/8; pushes the CNOT
through the 0, measurements to become a classical controlled operation that does nothing if the outcome of the bottom measurement is
the eigenvalue +1 (le)) and multiplies the result of the top measurement by —1 if the outcome of the bottom measurement is the
eigenvalue —1 (|g)); and finally pushes the Hadamard on the bottom wire through the measurement, converting it to a measurement of
oy The sixth step converts the controlled rotation into a classically controlled rotation of the bottom qubit, controlled on the outcome of
the o, measurement on the top qubit; this final circuit embodies the fair-coin flip version of the heterodyne measurement. The
apparently irrelevant CNOT introduced in the third step is actually crucial. When pushed to the end of the circuit, it makes the outcome
of the coin flip the parity of the original measurements of o, and o,; the parity thus chooses between the measurement of X (7/4) and

X (—m/4) on the primary probe qubit. The classical version of this CNOT at the end of the circuit is there to get strict equivalence to the
original circuit; it returns the classical bit carried by the top wire to the outcome of the 7, measurement in the original circuit.

E[(AR)Y =Y A7Pr(¥) = Ar, (5.58)
T

E[ARAR)] = S+ FArPr(+, T) = 0. (5.59)
+ ¥

The first nonvanishing cross-moment of AR, and AR, is E[(AR,)*(AR,)*] = A7 This means that we should
think of AR, ARy — +F A7 asastochastic term of order AT, and this is too small to survive the limit A7 — 0

(only stochastic terms of order «/ A7 survive this limit).
Returning now to the difference equation (5.49), we find, to linear order in A,

1 .
Ap, v = A7 Dlclp + f(AIxH[c]p + AZ,/Hliclp)

- %ARXARy(Tr [p(ic + (oD HIclp + Trlp(c + cHIHIiclp), (5.60)
where we introduce the innovations for the two random processes,
AT, = AR, — E[AR,], (5.61)
AZ,:= AR, — E[AR,]. (5.62)
The innovations are zero-mean random processes, with variance E[(AZ,)?] = E[(AZ,)*] = Ar.Since,as we

discussed above, the term proportional to AR, AR, is a zero-mean stochastic term of order A7 (and thus
vanishes in the continuous-time limit), we drop it, leaving us with the difference equation

20



I0OP Publishing Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

Table 1. Input state, measurement basis, Kraus operators, and type of resulting stochastic master equation (SME); X () is the arbitrary
probe quadrature defined in equation (5.32).

Initial state Measurement basis Kraus operators SME
lg) le), 1g) K.=VAr ¢, Ko =1— %AT cfe Jump
lg) loy) = %(lg) + e K, = %(]l + JAT ¢ — %AT cfo) Homodyne X
lg) 16:(2)) = 5 (lg) % e le)) Ki(p) = 5@+ VAT €% — JAT o) Homodyne X (¢)
Ig) lps3) = %(Ig) + %(:l:l F i)|e>) Ky x= %(]l + JAT %(:l:l T iy — %AT c*c) Heterodyne
1 .
Apy = AT Dlclp + f(AIxH[c]p + AT, Hlic]p). (5.63)

When we take the continuous-time limit, the innovations AZ, , become /5 dW ,, where dW, , are
independent Weiner processes, i.e., B[dW ,] = 0 and E[dW;dW;] = dt 6. The resulting SME is

1

NG

The unconditional master equation, obtained by averaging over the Weiner processes, is, of course, the vacaum
master equation (5.18).

Notice that the heterodyne SME (5.64) has the same form as homodyne SME (5.30), except that the former
has two Weiner processes acting independently in the place where the latter has just one. This is a consequence of
the heterodyne measurement’s having provided information about two quadrature components of the system,
¢+ c"andi(c — c"). These two real-valued Wiener processes may be interpreted as a single complex-valued
Wiener process, as in the original formulation of this unravelling by Gisin and Percival [83]. Their quantum state
diffusion equation was conceived without reference to any measurement model, but Wiseman and Milburn soon
demonstrated the correspondence to heterodyne measurement [84].

dppe = dt DLJ7 clp + dW, HL 7 clp + dW, H[iy7 clp). (5.64)

5.4. Summary of qubit-probe measurement schemes

To end this section, we briefly summarize the results. Throughout this section, we kept the probe initial state
fixed as the ground state |g), and we kept the interaction unitary fixed as that in equation (5.1). What changed
from one subsection to the next was the kind of measurement on the probe qubits. Section 5.1 analyzed
measurements of the probe qubits in Z basis, which is analogous to photon-counting measurements for probe
fields; this resulted in a SME that is identical to the photon-counting SME. Section 5.2 considered measurement
of the probes in the X basis, which is analogous to homodyne measurements on probe fields; this resulted in a
stochastic master equation that is identical to the homodyne SME. Section 5.3 derived the stochastic master
equation for a generalized measurement on the probe qubits that is analogous to heterodyne measurement on a
probe field; the SME is identical to the heterodyne SME. The results for vacuum photon-counting, homodyne,
and heterodyne measurements are summarized in table 1, as well as the comparable information for homodyne
measurement of an arbitrary quadrature.

6. Quantum trajectories for Gaussian probe-qubit states

In this section, we generalize the results of the previous section by addressing the following question: Can we
extend our qubit bath model, so successful in capturing the behavior of vacuum stochastic dynamics, to describe
more general Gaussian stochastic dynamics? By Gaussian we mean that the probe field is in a state with a
Gaussian Wigner function. Gaussian baths are capable of describing combinations of mean fields (probe field in
a coherent state), thermal fluctuations (probe field in a thermal state), and quadrature correlation/
anticorrelation (probe field in a squeezed state). These baths have been thoroughly studied in the literature.
Wiseman and Milburn, who did much of the primary work in [57, 84, 85], summarize the results in Wiseman’s
thesis [63] and in their joint book [66]. Important related work exists on simulation methods [86, 87] and the
mathematical formalism behind these descriptions [88-91].

To handle the case of a vacuum probe field in terms of qubit probes, it is sufficient, we found, to have a fixed
initial probe state |¢) and the fixed interaction unitary (5.1). To handle the general Gaussian case in terms of
qubit probes, we must allow a variety of initial probe states, including mixed states, as one does with fields, but
we also find it necessary to allow modifications to the interaction unitary (5.1). The reason is that a qubit has
nowhere near as much freedom in states as even the Gaussian states of a field mode; thus, for example, to handle
asqueezed bath in terms of qubits, we have to modify the interaction unitary to handle the quadrature-
dependent noise that for a field bath comes from putting the field in a squeezed state.
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To guide our generalization procedure, we recall in section 6.1 some facts about the standard field-mode
analysis; we also review how standard input-output formalism of quantum optics emerges from this analysis.
We then proceed in section 6.2 to the translation to probe qubits. Throughout these discussions, we label field
operators with the letters b and B, and we label the analogous operators for probe qubits with aand A.

6.1. Gaussian problem for probe fields and input-output formalism
For a probe field divided up into the discrete temporal modes of section 4, we can introduce the quantum noise
increment,

AB, = VAT b, = /7 j;t"“ ds b(s). ©6.1)
Gaussian bath statistics of the field are captured by the first and second moments of these increments:
(AB,) = <bn>\/A_T = a, AT,  Ba= 7 an (6.2a)
(ABIAB,) = (b}b,) AT = NAT, (6.2b)
(AB?) = (b}) AT = MAT, (6.2¢)
(IAB,, ABf1) = ([by, bj1) AT = AT, (6.2d)

where (3, is the mean probe field, Nis related to the mean number of thermal photons, and M is related to the
amount of squeezing. These interpretations are made more precise in sections 6.3-6.5. The parameters N and M
satisfy the inequality

IM]> < N(N + 1), (6.3)
which ensures that the field state is a valid Gaussian quantum state. Noise increments for different time segments
are uncorrelated, in accordance with the Markovian nature of Gaussian noise.

Much of the quantum-optics literature works directly with the quantum Weiner process or infinitesimal
quantum noise increment, dB(t), which is defined as an appropriate limit of AB,,

t+dt
dB(t) = f b(s)ds = lim VAL b, = lim AB,/ /7, (6.4)
t At—dt At—dt

where the limiting form assumes ¢ = t,,. Equation (6.4) is analogous to the relationship between classical white
. . t+dt . . .
noise & (s) and the Weiner process dW; := J; £(s)ds. The Gaussian bath statistics of an instantaneous field

mode are described by the first and second moments of dB(t),

(dB(t)) = B(t)dt, Bt = J7 a(t), (6.5a)
(dB'(t)dB(t)) = N dt, (6.5b)
(dB(1)*) = M dt, (6.5¢)

([dB(t), dBT(1)]) = dt. (6.5d)

As afirst step in our generalization to qubits below, we consider the unconditional master equation for
general Gaussian baths in the continuous limit (taken from equation (4.254) of [66]):

dp = dt([B*(t) y7 ¢ — B() y7 ', pl + (N + DDLJ7 clp + ND[J7 c'lp
+ M 6 [T 6 pll + MLV ¢, [ ¢, pll). (6.6)

Notice that, as is well known, the terms linear in ¢, i.e., those proportional to 3, are a commutator that
corresponds to Hamiltonian evolution; indeed, this Hamiltonian is the system evolution one gets if one replaces
the bath by its mean field, neglecting quantum effects entirely. Just as we discussed for an external Hamiltonian
in section 4, these mean fields must vary much slower than 1 /(2. In comparing equation (6.6) and other results
between our paper and [66], it is important to be aware of the distinction between our definitions of the ¢
operators. We choose c to be a dimensionless system operator, whereas in Wiseman and Milburn, it contains an
implicit factor of |/, which is pointed out in the paragraph below their equation (3.155).

Stochastic master equations for a general Gaussian bath, conditioned on the sorts of measurements
considered in section 5, are significantly more complicated than the unconditional master equation (6.6) and are
the subject of sections 6.3—-6.5.

Before getting to the qubit-probe model, however, we pause to review how this is related to the input-output
formalism of quantum optics. From the interaction unitary (4.20), we can calculate how the probe-field
operators for each time segment change in the Heisenberg picture. To make the distinction clear, we now label
all the Heisenberg probe operators before the interaction as AB". The output operators are obtained by
unitarily evolving the input operators
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ABY™ = JAT b = UPTAB UP = (11 - %AT[C, cf]) ® VAT b + ¢ AT + O(AT?)

= ABM + ¢ AT + O(ATY/?), (6.7)

which shows that the output field is the scattered input field plus radiation from the system. We can calculate the
number of quanta in the output probe field,

outt out .
anen = BT BB poutpen 1 A, 1) @ b
T
+ (¢ ® ABIM + ¢t @ ABI™ + cfc AT + O(AT). (6.8)

In the literature these are known as input-output relations. Analyses using input-output relations were first used
in quantum optics to analyze the noise added as a bosonic mode is amplified [92, 93] and, most importantly, in
the pioneering description of linear damping by Yurke and Denker [94]. The input-output relations display
clearly how the probe field is changed by scattering off the system. Although we work in the interaction picture in
this paper, one can see the input-output relations at work indirectly in our results. Specifically, the conditional
expectation of the measurement result at the current timestep [see, e.g., equations (5.11) and (5.25) and similar
equations below] is the trace of the relevant output operator with the initial field state and a conditional system
state.

Experienced practitioners of input-output theory might express concern about the term proportional to
[c, ¢']in equation (6.8), but not to worry. When one takes the expectation of this equation in vacuum or a
coherent state, the commutator term becomes too high an order in A7 and thus can be ignored. For thermal and
squeezed baths, equation (6.8) is irrelevant since we cannot sensibly perform photon counting on such fields due
to the field’s infinite photon flux (which can be identified in our model as the finite photon-detection probability
in each infinitesimal time interval).

6.2. Gaussian problem for probe qubits
To make the correspondence to our qubit-probe model, we define a qubit quantum-noise increment analogous
to the probe-field quantum noise increment (6.1):

AA, = JAT a,. (6.9)

In section 5, we consistently chose a,, to be the qubit lowering operator, but in this section, we find it useful to
allow more general possibilities. We remind the reader that in the picture of time increments A¢, we work with
the dimensionless time interval A7 = yAr, not with At itself. The main way this might cause confusion is that
if we introduce a continuous-time noise increment dA = /dt a, for a qubit probe—or use the continuous-
time field increment dB(t) = +/dt b,—we have to remember the factor of JYinAA, = [y JAt a,.

For probe qubits prepared in the (possibly mixed) state o (distinguished from the similarly notated Pauli
operators by subscripts or lack thereof), we write the qubit bath statistics as

(AAL)y = ayAT, By = 7 Qs (6.10a)
(AA]AA,), = NAT, (6.10b)
(AAL), = MAT, (6.10c)

([AA,, AAT), = AT. (6.10d)

(n)

For the choice a,, := o that we used in section 5, with vacuum probe state o = |g) (g], these relations are

satisfled with « = N = M = 0. Notice that with a slight abuse of notation, which we have already used and

which can be excused because we only want to get the scaling with y right, we have

B dt = (dA) = (AA)/ /7 = a1/ /7 = /7 adt,whichimplies that 3, = /7 «, as displayed above.
Replacing the explicit o— in the interaction unitary (5.1a) with the more general qubit operator a (and thus

o, with a*), we get a new interaction unitary,

5 1 s
U=101+JAT (c®a) — @ a,) + EAT(C@QJ — ' ® a,)?
] 1
=101+ (c® AA] —CT®AAW)+E(C®AAJ — " ® AAY?, (6.11)
which we use throughout the remainder of this section, specifying the operator a,, appropriately for each case we

consider. Using this new interaction unitary, we find that the expectation values (6.10) are the only properties of
the bath that influence the unconditional master equation,
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Ap, = TrplUi(p, ® o) Uf1 — p,
= [(AAJfe = (AA)oc p,] + (DATAA), + ([A4,, AA[N)Dlclp, + (AA]AA,), DI,
+ H{AANe [e p )1 + F(AAD [, [, 1.

2
(6.12)

Here Tr,, denotes a trace over the nth probe qubit; in the interaction unitary and the master equation, we only
keep terms to linear order in AT or, equivalently, quadratic order in AA,,. This tells us that satisfying
equations (6.10) is a necessary and sufficient condition for reproducing the Gaussian master equation with our
qubit model. Since a SME implies a master equation, (6.10) is also a necessary condition for reproducing the
corresponding conditional evolution, i.e., the Gaussian SMEs, with our qubit model. This serves as a guiding
principle for exploring nonvacuum probes in the qubit model.

Notice that we could develop an input-output formalism for probe qubits, analogous to that for fields in
equations (6.7) and (6.8). Since a,,and a; do not satisfy the canonical bosonic commutation relations, however,
the qubit input-output relation will not have the same form as the field relations (6.7) and (6.8). Another
complication in the qubit input-output formalism is the dependence of a,, on the Gaussian field state we want to
model, which results in a state-dependent input-output relation. This complication shows up in the field input-
output relations as well, and so is not unique to our qubit model. Everything would work out right once we
included the probe initial state and the appropriate measurement, but these complications mean that the qubit
input-output formalism does not have the simple interpretation we can attach to the vacuum field version, so we
donotdevelop it here.

6.3. Coherent states and mean-field stochastic master equation

One way to extend the qubit model presented so far is to to generalize to nonvacuum Gaussian pure states, the
simplest of which is a coherent state. For a field probe, we create a coherent state with a wavepacket mean field
0 (t) by applying to the vacuum the continuous-time displacement operator [95],

DIB®] = exp( [ar 18IV (1) — BB ). (6.13)

To use this continuous-time displacement operator, it is often convenient to write it as a product of displacement
operators for the field modes b,, of the time increments, during each of which the mean field is assumed to be
essentially constant, yielding

D[B®)] =[] D(aw, (6.14)

where
D(an) = e‘/E(gnbn{*‘S:bn) — e‘/A_T (a'nhyj*aj:hn) P eanABpjfa?;ABn’ (615)

is the displacement operator for the nth field mode b, and 3, = 3(t,) = /7 a,. Applying this displacement
operator to vacuum creates a product coherent state, in which the field mode b,, for the nth time increment is a
coherent state with mean number of photons |3, At = 7 |a,|? AT. Thus, in the continuous-time limit, the
mean rate at which photons encounter the systemis |3 ()| = v |a(t) .

Up till this point in this section, we have retained the subscript # that labels each time increment, but from
here on, as in section 5, we omit this label because it is just a nuisance when dealing with the time increments one
atatime. We only note that the omitted # dependence is necessary to describe a time-changing mean
field a(t) = B(t) /7.

To translate from field modes to qubits, we let a = o_, asin section 5, and we introduce a qubit analogue of a
displacement operator for a probe qubit,

D(a) = e,;E (ao—a¥o.) eQAA"?a*AA. (6.16)

This operator does not act much like the field displacement operator for large displacements, but because we are
working with small time increments, we can assume that a+/A7 is small and expand the displacement operator as

D() =1+ aAA" — a*AA + S(@AAT — o*AAY? + O(AT??)
=1+ aAA" — a*AA — J[a(AAAAT + AATAA) + O(AT*2), (6.17)

where the final form uses AA? = 0 = (AA)?since a = o_. Throughout we work to linear order in A7, without
bothering to indicate explicitly that the next-order terms are O(A73/2). The aficionado might notice

equation (6.17) is related to the quantum stochastic differential equation for the displacement (or ‘Weyl’)
operator; see equation (4.11) of [64].
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Applying the displacement operator to the ground state |¢) gives the normalized probe coherent states,

lo) == D(a)lg)
= (1 — JaPA7)[g) + aVAT |e)
= (1 = 3laPAT(g) + aVAT |e)). (6.18)

The state (6.18) is analogous to a field-mode coherent state because it reproduces the mean-field bath statistics
(and therefore the unconditional master equation):

(AA), = a AT, (6.19a)
(AATAA), =0, (6.19b)
(AA%), =0, (6.19¢)
([AA, AAT]), = AT. (6.19d)

In calculating the difference equation for any kind of measurement on the probe qubits, we necessarily use
normalized post-measurement system states. Since we normalize the post-measurement state we can work with
an unnormalized probe initial state, because the magnitude of the probe initial state cancels out when the post-
measurement state is normalized. In particular, it is convenient to work here with an unnormalized version of
the coherent states,

la) = Ig) + avAT [e), (6.20)

keeping in mind that the resulting Kraus operators are off by a factor of 1 — %|a|2AT and POVM elements and
probabilities of measurement outcomes are off by a factor of 1 — |a]?Ar.

We focus now on the case of performing photon counting on the probes, i.e., a measurement in the basis
{lg) le)}. This results in Kraus operators,

Ky = (glUlla) =1 — Ar(ac’ + 3cfo), (6.21a)
K. = {e|Ula) = VAT (ad + ©), (6.21b)

which are analogous to equations 4.53 and 4.55 in [66] (in comparing, recall that a Hamiltonian term can be
added in trivially). As we observed for the vacuum case in equations (5.21) and (5.44), both the homodyne and
heterodyne Kraus operators are linear combinations of the photon-counting Kraus operators.

Following our treatment of the vacuum case for photon counting in section 5.1, we now find a difference
equation

Apay = AN Glal + c]p — AT H[ac* + %c*c]p
= A7 ([a*c — ac, p] + Dlclp) + AZpGlal + clp, (6.22)

where AN is the bit-valued random variable introduced in section 5.1, 1.e., AN = 0 for outcome gand
AN = 1foroutcome e,and AZp = AN — E[ANT]is the photon-counting innovation (5.15). Taking the
continuous-time limit gives the Gaussian SME with a mean field for the case of direct detection,

dpp = dN GIBL+ /7 clp — dt H[ 37 ¢ + 37¢ic]p
=dt([B*y7 ¢ — BY7 ¢, pl + DL clp) + dIpGIBL + 7 clp, (6.23)

where 3 = /7 a; this resultis also found in [66]. The driving terms due to the mean field are those of a
Hamiltonian i /5 (6% — fc"), as we would get if we replaced the probe operators with their mean values. The
unconditional master equation for a mean-field probe follows from retaining only the deterministic part of
equation (6.23) and agrees with equation (6.6) when weset N = M = 0.

An equivalent method for dealing with a bath with a mean field, more attuned to the approach we use later in
this section, is discussed at the end of section 6.5 and is sketched in figure 15.

6.4. Thermal states
Having dealt with a pure state that carries a mean field, we turn now to Gaussian states that have more noise than
vacuum, i.e., thermal baths. A thermal state at temperature T'is defined by

e~ H/ksT

_—. 6.24
Tr [eiH/kBT] ( )

Oth =
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For a field mode at frequency w, the Hamiltonian is H = /w (afa + %), and the corresponding thermal state is
given by

o = — f;( N )m|m><m| (6.25)
" N+12\N ’ '

where

1
N := W (626)

is the mean number of photons.
The thermal state for a qubit probe is diagonal in the basis {|g), |e) } with the ratio of excited-state
population to ground-state population being N /(N + 1):

N+1
= +
N+ e T

Oth leXel. (6.27)
This state has an obvious problem, however, since if we choose a = o~ (AA = VAT o), we find that
(AATAAN, /AT = a,0. = {e|lowle) = N/(@2N + 1).Indeed, no qubit state has more than one excitation in it,
and the thermal state (6.27) has at most half an excitation. It is easy to deal with this problem, however, by
introducing an effective qubit field operator,

an=+V2N +1 o, (6.28)

which goes into the qubit increment AA = AT ay,. This increases the strength of the coupling of the qubit
probes to the system in a way that yields the desired bath statistics,

(AA) = 0, (6.29a)
(AATAA)y, = N AT, (6.29b)
(AA%)y =0, (6.29¢)
([AA, AAT)y = AT. (6.29d)

A glance at the interaction unitary (6.11) shows that the rescaled coupling strengthis 7, = 2N + 1)7,i.e,,

Upnr =101+ 2N+ 1JAT (c® 0y — T ® o) + %(2N+ DAT(c® op — " ® o) (6.30)

The power delivered by this idealized broadband thermal bath is infinite, so photon counting yields
nonsensical results. Instead, we consider homodyne detection on the bath, i.e., measurement in the basis (5.20),
which avoids the infinite-power problem. Because the probe state is a mixture of two pure states, |g)(g| and
le) (e|, we need Kraus operators corresponding to each combination of probe pure state and measurement
outcome in order to calculate the unnormalized updated state (see equation (3.29)):

Kig= |21 (6 Unilg) = = | N1 (1 + JAr JINF T c— %AT(ZN-F 1)&), (6.31)

V2N +1 2\ 2N+ 1

N 1 N |
K, = U =+— |— |1 AT 2N+ 1 ¢ — ZATQN +1 T). 6.32
co= gy (0:lUnile) ﬁ,/zNH( = VAT Y ¢ - LATN + De) (632

The + at the head of the expression for K., can be ignored, since Kraus operators always appear in a quadratic
combination involving the Kraus operator and its adjoint. We are interested in the state after a measurement that
yields the result=+, and this means summing over the two possibilities for the initial state of the probe,

B Kigplqg + KypK],

= 6.33
P+ Tr[p]Es ( )
where
1 c+cf
E,=K{ Ki,+ K| Ko = —|1+ VAT ———|. 6.34
+ 1o Kig 1Ky 2( N T (6.34)

is the POVM element for the outcome =+.
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The resulting difference equation for the system state is

Tr[p(c + ¢ Hlclp HIcp
Ap, =|EJAT — AT————— - N
P ( ! TN )(( HRNEEE 2N+ 1 )

+ AT(N + DD[clp + ATNDI[cp

=AT((N + D)D[clp + ND[cHp) + HI(N + 1)c — Nc1p, (6.35)

ATy
V2N + 1
where we use the same random process AR = ++A7 andinnovation AZy = AR — E[AR]as for the
vacuum SME for homodyning. In the continuous-time limit, the difference equation becomes

dp = dt((N + DDLJ7 clp + NDILJ7 ¢f1p) + HIN+ 1) y7 ¢ — N7 c'1p, (6.36)

aw
V2N +1
where dW is the Weiner process that is the limit of the innovation. This result agrees with equations 4.253 and
4.254 of [66] when we set M = 0 in those equations. The unconditional thermal master equation retains only the
deterministic part of equation (6.36) and agrees with equation (6.6) when we set 3 = O and M = 0.

The strategy of increasing the coupling strength clearly allows us to handle the thermal-state SME, but it is
worth spelling out in a little more detail how that works, i.e., how we are able to mimic a field mode that has all
energy levels occupied in a thermal state with a qubit that has only two levels. Because the thermal state for a field
mode is diagonal in the number basis, the terms from U;(p ® oy,) U] that survive tracing out the probe field are
those balanced in b,,, and b, :

—%At clfe vy Trlow b;bn] — %At oty Tr [o*thbnb;]. (6.37)

The normally ordered expression with b, b, corresponds to the system absorbing an excitation from the bath,

while the antinormally ordered expression with b, b, corresponds to the system emitting an excitation into
the bath.

Focusing just on the coupling strength for these two processes, the relevant expressions are

Y Tr[owb, b=~ > Pr(mIN)ym =

> Y@2N + I)m
> Pr(mIN)iN

m=0 2N + 1 m=0
N

_ , 6.38
N+ 17N (6.38)

. °° N+1 & 2N +1 1

3 Trlonbubl1 =7 3 Pr(miN)(m + 1) = L S pr(mpy LN+ D0 + )

m=0 m=0 N+1
N+1
= N 6.39
N I’YN (6.39)
where
1 N Y

Pr(m|N) = 6.40
(mIN) N + I(N + 1) ( )

is the thermal probability for m photons given mean number Nand
N = 2N + 1)y (6.41)

is arescaled interaction strength. The terms have been written so as to suggest the following: absorption occurs
with overall probability N/(2N + 1) and effective interaction strength v (2N + 1)m/N, which depends on the
number of photons m in the field mode, and emission occurs with probability (N + 1) /(2N + 1) and effective
interaction strength v(2N + 1)(m + 1) /(N + 1). The absorption and emission probabilities are, respectively,
proportional to the absorption and total (spontaneous plus stimulated) emission rates given by the Einstein A
and B coefficients for a collection of two-level atoms in thermal equilibrium with an optical cavity at temperature
T[96, section 1.2.2]. Since (m) = N, both of the effective interaction strengths average to the rescaled
interaction strength ~,,. This is what allows us to replace the effective interaction strengths by their average and
pretend that only two bath levels undergo absorption and emission.

Itis worth noting here what happens if we measure the rotated quadrature component X () of
equation (5.32) instead of X = ¢, i.e., if we measure in the basis of equation (5.33). The Kraus operators
become

N+ L () Ung) = = [ N1

2T \NF 1 22N+ 1

(11 + VAT 2N + 1 e*c — —AT(ZN + 1)&) (6.42)
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N ¢ [N o
Ki, = N (¢ ()| Un,1le) = :I:ﬁ —(Jl F VAT 2N + 1 et — EAT(ZN—F l)CCT).

2N + 1
(6.43)
The +e'% at the head of the expression for K, can be ignored, since a Kraus operator always appears in
combination with its adjoint. Thus all the results for homodyne measurement of X (¢) follow from those for

homodyne measurement of a; by replacing c by e'#c. In particular, the difference equation and the limiting SME
are given by

ATy
V2N + 1

HIN 4+ 1) /7 e%c — N7 e clp.  (6.45)

Ap, = AT((N + 1)D[c]p + ND[c'p) + HI(N + 1)e'*c — Ne~'*c"]p, (6.44)

dp = dt((N + DDIJ7 clp + ND[ /7 c'1p) +

aw
V2N +1

6.5. Pure and thermal squeezed states

When we turn our attention to squeezed baths, the use of qubit probes immediately presents a new challenge.
This comes from the obvious fact that if we choose a o< o, as in all previous work in this paper, the second
moment that quantifies squeezing, (AA, )i, = MAT, cannot be nonzero for any choice of qubit-probe state
since 2 = 0. To surmount this obstacle, it is clear that we should make a different choice for a; fortunately,
once one has formulated the problem properly, the right choice becomes obvious, although it has not been

considered previously.
To see how to proceed, consider first the case of field modes in pure squeezed vacuum,
|By) = S(r; p)|vac), (6.46)
which is generated from vacuum by the squeeze operator,
S(r, @) = exp Br(e’z"/’b2 — e2inyi2y ] (6.47)
The squeeze operator conjugates the field annihilation operator b according to
ST(r, wb S(r, ) = beoshr — e bf sinhr =: by, (6.48)
yielding new field operators by,. Using this transformation, it is easy to see that (b)q = (bsq )vac = 0and
N = (b'b)sq = (b bsq)vac = sinh?’r, (6.49)
M= (b = (bszqmc = —eZsinhr coshr. (6.50)

We stress that for all our results on a pure squeezed bath, equations (6.49) and (6.50) are the expressions we use to
relate the squeezing parameters r and p to the bath parameters N and M of (6.5). Notice that for this case of pure
squeezed bath, the inequality (6.3) is saturated. In this subsection, we find it useful to let Mz = (M + M™*) /2 and
M; = —i(M — M%*) /2 denote the real and imaginary parts of M.

The transformation (6.48) is the key to translating from field modes to qubits. What the transformation
allows us to do is to model squeezed noise in terms of vacuum noise that has a quadrature-dependent coupling to
the system. In this section, we again focus on homodyne measurements of the probe; just as for thermal states,
this is because of the infinite photon intensity of the infinitely broadband squeezed states we are considering. As
part of the overall transformation, the homodyne measurement is also transformed to measurement of another
observable. The transformation and the translation from field modes to qubits are depicted and described in
detail in terms of circuits in figure 12.

The conclusion is that we can model squeezed noise in terms of qubits by starting the probe in the ground
state |¢) and having it interact with the system via an interaction unitary obtained from equation (6.11) by
substituting

dsq = 0_ coshr — e*'o, sinhr
_ coshr — e sinhr icosh r + e2tsinhr
B 2 * 2

in place of a. The resulting interaction unitary is

o, (6.51)

) 1 .
Uqi=1® 1+ JAT (¢ ® af; — ' ® ay) + EAr(c ® af, — " ® ay)?

1
=1® 1+ JAT (cq® 0 — [, ® o) + SAT(0q ® 01 h®a ) (6.52)
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Figure 12. The top row shows the transformation of the field-mode squeezed-bath circuit into a form where the squeezed noise,
instead of being described by an initial squeezed state of a field mode, is described by squeezed field operators in the interaction unitary
and in the measured observable. In the left-most circuit, the field mode starts in the squeezed vacuum (6.46); it interacts with the
system via the joint unitary U; of equation (4.20); finally, it is subjected to a (homodyne) measurement of the observable b + b'. The
middle circuit introduces squeeze operators so that the field mode starts in vacuum, and the joint unitary and the measurement are
ready to be transformed. The third circuit shows the result of the transformation: the field mode starts in vacuum; it interacts with the
system via the joint unitary Uy, 1, in which the field-mode creation and annihilation operators in equation (4.20) are replaced by the
transformed operators byq and bs'g of equation (6.48); finally, the observable by, + bs'z is measured on the field mode. The bottom row
shows the corresponding squeezed-bath circuit for a qubit probe; this is a direct translation of the rightmost field-mode circuit to a
qubit probe in the manner we are accustomed to. The middle and left-most circuits are not available to qubits, because the two-
dimensional Hilbert space of the probe qubit cannot accommodate squeezed vacuum or a squeeze operator. The qubit model involves
aprobe that starts in the ground state |g); interaction of the system and the probe qubit is described by the interaction unitary U ; of
equation (6.52), which is obtained by substituting ayq of equation (6.51) for a in the interaction unitary (6.11); and finally, a
measurement of the observable a, + as";1 on the qubit.

where
Csq i= ccoshr + e?#c'sinhr (6.53)
is a species of squeezed system operator.

The qubit operators reproduce the general pure state, but zero-mean-field Gaussian bath statistics for

AAyq = VAT ay:

<AAsq>g =0, (654&)

(AA:qAASq>g = sinh’r AT = N Ar, (6.54b)
<AA52q )g = —e*#sinhrcoshr AT = M Ar, (6.54¢)
([AAy, AALD), = AT (6.54d)

Thus we know that the qubit model generates the desired unconditional system evolution.

A helpful way to think about this transformation is as a modification of the coupling of the system to the
bath. Just as for thermal states, where we were able to make up for alimited number of excitations in the bath by
increasing the interaction strength, here we compensate for the limitation that the qubit ground state has equal
uncertainties in o, and o, by modifying the originally symmetric couplingto a = o_ = (0, — i0,) /2 tothe
asymmetric ‘squeezed’ coupling embodied in the operator a, of equation (6.51). One sees the effect of the
coupling strengths most plainly when p = 0, in which case a,q = (0,e™" — io,e") /2;i.e., the coupling of o, to
the system is reduced by the squeeze factor e™", and the coupling of o, is increased by the same factor. The
change in coupling strengths is not the only twist, however. The Pauli operators o, = X and 0, = Y are
transformed under the squeezing transformation into

Xoq = asq + a:q = oy(coshr — cos2pu sinhr) + o, sin2p sinhr, (6.55)

Yyq = idgq — ias'g = oy sin2p sinhr + oy (coshr + cos 2y sinhr). (6.56)

These operators have the same commutator as o, and 0y, i.e., [Xq, Yiq] = [0y, 0y] = 2i0y, but unlike oy and o,
they are correlated in vacuum when sin 2y = 0:

<%(XSq Yyq + ququ)> = 2sin 2y sinhr coshr = —2M;. (6.57)

vac

This vacuum correlation is how our qubit model captures the correlation between quadrature components in
the squeezed state of a field mode.

As mentioned above, we focus on homodyne detection, which in our transformed and translated scheme,
corresponds to measuring the observable X, of equation (6.55), but X, is nota normalized spin component.
We can, however, write Xgqas

qu = \/IX(SDsq): (6.58)
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Figure 13. Final qubit circuit for pure squeezed noise and a homodyne measurement of ;. In our model of this situation, the probe,
initially in the ground state |g), interacts with the system via the unitary U ; of equation (6.52) and then is subjected to a measurement
of the spin component X (¢,,). This model is identical to that of figure 12 except that the measurement of asq + a:q =JLX (pg)is
replaced by the equivalent measurement of X (¢9,,).-

where
L:=1 + 2sinh? — 2cos2u sinhr coshr (6.59)
and X (¢g,) is the normalized spin component of equation (5.32), with the phase angle defined by

ot coshr — e 2t sinhr. (6.60)
N3
Since the factor V/L in X, changes only the eigenvalues, not the eigenvectors of the measured observable, we can
:q; either way, we are measuring in the
basis | ¢, (i4,))- Making this change brings our qubit model for homodyne measurement on pure squeezed noise
into its final form, depicted in figure 13.

The qubit model is now identical to the vacuum qubit model for measurement of an arbitrary spin
component, so we can obtain the results for the present case by appropriating the results for vacuum
homodyning, replacing c with ¢, of equation (6.53) and choosing the homodyne angle to be ¢, q of
equation (6.60). Formulas helpful in making this replacement are given in appendix A. The resulting Kraus
operators are

Kﬂ: = <¢i(@sq)|ljsq,1|g>

say that we are measuring the spin component X (), instead of a5q + a

_ %(1 £ VAT eitncy — LAT e
- %(1 i %((N-l— M* + e — (N + M)ch) — %AT((N-F 1efe + Nech — M*c? — M¢t 2)],
(6.61)
with corresponding POVM elements
E:=KIKs= ; 1+ */ﬁ_? (c+ c*)]. (6.62)
Likewise, the conditional difference equation is
Ap, = A1 Dlesglp + ATyH[ePacsg 1 p
= AT((N + 1)Dlclp + ND[c1p + %M*[c, [e, pI] + %M[CT, [c, p]])
+ %H[(N + M* + 1)c — (N + M)c]p, (6.63)
VL
and the SME is
dp = dt D[ J7 csqlp + dW H[ /7 ¢sq e p, (6.64)
which becomes

dp = dt((N + )D[J7 clp + NDLJ7 c'lp + %M*[ﬂ oy e pll + %M[ﬁ ¢, [ 7 p]])

+ ”%’H[(N+ M* 4+ 1) /7 ¢ — (N + M) /7 lp.

(6.65)

This SME is presented as equations 4.253 and 4.254 in [66]; see also section 4.4.1 of Wiseman’s thesis [63].
Generalizing to a squeezed thermal bath for a field mode, for which the inequality (6.3) is not saturated,
proceeds by representing a squeezed thermal bath as a thermal state (6.25) to which the squeeze operator (6.47)

has been applied:
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Figure 14. (a) Field-mode circuits for a squeezed thermal bath. The circuit on the left, in which the field mode begins in squeezed
thermal state oy, g4, is transformed so that the effect of the squeezing appears not in the initial field-mode state, but in the interaction
unitary and in the observable that is measured on the field mode. In the circuit on the right, the interaction unitary Uy, ; is obtained by
replacing the field-mode creation and annihilation operators in equation (4.20) with the transformed operators byq and hstl of
equation (6.48); the measured observable is obtained from the same replacement. (b) Qubit model for squeezed thermal bath. The
unitary U, ¢q,1 is understood to be derived from the interaction unitary (6.11) by substituting a,sq of equation (6.69) in place of aor,
equivalently, from the thermal interaction unitary (6.30) by substituting in place of o the squeezed operator aq of equation (6.51).
The homodyne measurement is a measurement of X,q = ayq + ai], but rescaled to be a measurement of the normalized spin
component X (¢, ), with the homodyne angle ¢, determined by equation (6.60).

Othsq = S(rs W ow ST (r, o). (6.66)

For this squeezed thermal state, the bath parameters N and M are functions both of the squeezing parameters r
and p and of the ‘thermal excitation number’ Ny,:

N = (b} by, (6.67a)
N= <bTb>th,sq = <bst1bsq>th = (2Ny, + 1)sinh?r + Ny, (6.67b)
M = (b*)hsq = <bszq>th = —(2Ny, + 1)e?*sinhr coshr. (6.67¢)

Making this squeezed thermal state the initial state of the field mode gives the circuit for a squeezed thermal bath.
Transforming the squeezing to appear not in the initial state, but in the interaction unitary and the homodyne
measurement, is the same as for a squeezed-vacuum input and is depicted in figure 14(a). We emphasize that for
the case of squeezed thermal bath, equations (6.67) are the expressions we use to derive the bath parameters N
and M from the thermal parameter Ny, and squeezing parameters rand p.

We need only to combine our work on thermal baths and pure squeezed baths to translate the rightmost
circuit in figure 14(a) to a qubit probe. The result of the translation is depicted in figure 14(b). The initial state of
the probe qubit is the thermal state (6.27), now written as

Ny + 1

N,
om = ———I|g)gl + th

= —|eXe|. 6.68
Ny 1 2NtthlI><I (6.68)

The interaction unitary U;is translated by letting a in equation (6.11) be the squeezed annihilation
operator (6.51), further modified by being rescaled by the thermal coupling factor /2Ny, + 1,1i.e.,

AAgsq = VAT Ay eq> Where

Athysq = 2N + 1 asq = 2Ny, + 1 (o= coshr — e?tg, sinhr). (6.69)

The resulting interaction unitary is
. . 1
Unsqr = 1@ 1+ 2Ny + 1VAT (c ® af, — ' @ ay) + S @Na + DAT(® al, — " ® ay)?

1 .
= 1@ 1+ 2Ny + 1JAT (cq ® v — ¢, ® o) + E(ZNth + DAT(cq ® 0 — ¢ ® )%,
(6.70)

where ¢, is the squeezed system operator of equation (6.53). The homodyne measurement of o, is transformed
to a measurement of agq + a:q = JLX (S%q)3 as we discussed previously for a pure squeezed bath, we can regard
this as a measurement of the normalized spin component X (¢, o with the phase angle defined by
equation (6.60).

The qubit operators AAg, g = JAT Ath,sq Teproduce the general, but zero-mean-field Gaussian bath
statistics:

(AAgsq)th = 0, (6.71a)
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<AA;,SqAAth,Sq>th = [(2Ng + Dsinh? + Ny ]AT = N AT, (6.71b)

(AAZ )t = —(2Ny + De?sinhr coshr AT = M Ar, (6.71¢c)

([AAy, AALDn = AT. (6.71d)

For the conditional evolution we note that the circuit in figure 14(b) is the same as that for a thermal probe
with no squeezing, subjected to a homodyne measurement specified by the angle ¢ | of equation (6.60), and with
the system operator c replaced by the squeezed system operator ¢, of equation (6.53). In particular, just as the
thermal bath with no squeezing has the two pairs of Kraus operators in equation (6.42), the squeezed thermal
bath gives the two pairs of Kraus operators,

Np + 1
K = |—— {® Uth.s
+g 2Nth 1 < i(‘fosq” th, q,1|g>

1 [Ngy+1 ; 1 +
2 m(l £ VAT V2N 1 e = AT (N + I)qucsq)
1 Np + 1 VAT
=— 1+ N+ Np + M* + 1)c — (N — Ny + M)cf
ﬁ 2Nth + 1 ( /_L/ (( th ) ( th ) )
- %AT((N + Ny + Dcfe + (N — Ng)ech — M*c?2 — Mc”)), (6.72)
N
Kie= |—— o) | Uthysq 1€
+ INg + 1 <¢i(@q)| th qI| >

e i%q N, th
= :I: _—
J2 V 2Ny + 1

(]l F VAT 2Ny + 1 eiw“lcs‘q - EATQNth + 1)qucs1q)

% N VAT
=+ 1+ N — Ng, + M®c — (N + Ny, + M + 1)t
ﬁ ZNth + 1 ( \/F (( th ) ( th ) )
1 .
— EAT((N + Ng + Dec + (N — Ny)efe — M*c? — Mc’fz)). (6.73)
The corresponding POVM elements for the measurement outcomes =+ are
1 NAT
Ey = K[ Kig + K] Ki, = 5(1 + T (c + c*)]. (6.74)
In these results we introduce
L' := 2Ny, + 1)L = 2Ny, + 1)(1 + 2sinh? — 2cos2p sinhr coshr) = 2N + 2Mg + 1 (6.75)

(see equations (A4) and (A5)).
Updating the system state to find the conditional difference equation is done using equation (6.33), with the
result

ATy

Ap. = AT((Ng, + 1)Dlcsgl p + NaDlcl +
pr = AT((Ni + 1)Dleqlp + N Dlelp) N

HI(Nw + 1)e*acyg — Npe *acl1p

= AT((N—|— DDlclp + ND[c']p + %M*[c, lc, p1] + %M[CT, [T, p]])

ATy
N

The final result is identical to that given in equation (6.63) for the case of a pure squeezed bath (since
L' = 2N + My + 1, whichis what Lis in the case of pure squeezed bath), except that now N and M need only
satisfy the inequality (6.3), rather than saturating it. This means that the corresponding SME has the form of
equation (6.65), but with L replaced by L’. Notice that in the final form of the difference equation and the SME,
all explicit reference to Ny, disappears, whereas the Kraus operators do depend explicitly on Ny,; this is because
the Kraus operators involve projections onto the two possible initial states, |¢) and |e), of the probe qubit,
whereas the difference equation and the SME only involve appropriate averages over these two possibilities.
The case of a squeezed thermal bath is nearly the most general case of a Gaussian bath, with pure-squeezed
and unsqueezed-thermal baths emerging as special cases. The only thing unaccounted for in the squeezed-
thermal case is a mean field. Itis easy to add a mean field to the current paradigm; the procedure for doing so is
sketched in figure 15. The key point is to modify the interaction unitary (6.11) by replacing a with the operator

+ HI(N + M* + 1)c — (N + M)c']p. (6.76)
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Figure 15. (a) Field-mode circuits for a squeezed thermal bath with a mean field. The field-mode displacement operator D («) is
defined in equation (6.15). The first circuit, in which the field mode begins in squeezed thermal state oy, o4, which is then displaced, is
transformed so that the effect of the squeezing and the displacement appears in the interaction unitary and in the observable that is
measured on the field mode. In the last circuit, the interaction unitary Uy, ; is obtained from the joint unitary (4.20) by replacing b
with byq + aVAT ,where byq is the squeezed annihilation operator of equation (6.48); the measured observable is obtained from the
same replacement, except that the displacement can be ignored on the grounds that it does not change the measured basis, only the
eigenvalues in that basis. (b) Qubit model for squeezed thermal bath with a mean field. The interaction unitary U, sq,o, is understood
to be derived from the interaction unitary (6.11) by substituting a, sq,« of equation (6.77) in place of a. The homodyne measurement
is a measurement of Xoq = Agq + a:q, but rescaled to be a measurement of the normalized spin component X (cpsq), with the
homodyne angle ¢, determined by equation (6.60).

Figure 16. Poisson measurement circuit. The interaction between the system qubit and the probe qubit is the controlled unitary V of
equation (7.4). Given that primary (lower) probe qubit begins in the ground state |g) and that it is measured in the eigenbasis | ¢, ) of
0y, the result is a measurement of o, on the system. The ancilla qubit on the top begins in the state | x) = V1 — AAt|e) + VAA¢t|g).
In the left circuit, the ancilla qubit is subjected to a measurement of o, the result of which controls classically the application of the
joint unitary V. The joint unitary is thus applied with probability AA¢; in the continuous-time limit, this yields a sequence of
measurements of o, on the system, which are Poisson-distributed in time with rate A. In the right circuit, the classical control is moved
through the measurement of o, to become a quantum control, with the measurement of o, telling one whether the joint unitary V was
applied to the system and the probe.

Athsqa = Gihsq + VAT 1= 2Ny + 1(o_ coshr — e?rg, sinhr) + avAT L (6.77)

The effect of this is to add to the interaction unitary (6.70) the additional term A7 (cc — ac’). When this
interaction unitary evolves a density operator p, the additional term leads to a commutator, A7 [o*c — ac, p],
which is, of course, just the commutator that describes the mean-field evolution in the difference equation; it
becomes the mean-field commutator dr [6* /57 ¢ — B./7 ¢, p]in the SME. The mean-field terms appear only
in the deterministic part of the SME and do not affect the conditional evolution.

Perhaps as interesting as the success of the qubit technique we develop here is the failure of a variety of other
techniques, which generally are unable to capture the conditional SME correctly. A sampling of these other
techniques, which typically involve either more than one probe qubit in each time segment or probes with more
than two levels, is discussed in appendix B.

7.Strong interactions at random times

In this section, we consider a different variety of continuous measurement. Instead of probing the system with a
continuous stream of weakly interacting probes, we take inspiration from [97] and send a sequence of strongly
interacting probes distributed randomly in time. We show that this technique for ‘diluting’ sequential
interactions, i.e., by making the interactions occur less frequently as opposed to more weakly, bears some
resemblance to the cases discussed before, but ultimately yields an inequivalent trajectory picture. A slight
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variation on the dilution scheme is seen, however, to provide an interpretation of inefficient detection equivalent
to the commonly employed model of attenuating the field incident on a photodetector with a beamsplitter.

Probe dilution generalizes section 5 by considering a qualitatively different interaction, while fixing an initial
probe state, and thus complements the generalization carried out in section 6, where the focus was on varying
the initial probe state. The probabilistic interaction of a single qubit probe during a time interval At can be
modeled as a joint unitary interaction (not necessarily weak) between the system and the probe that is controlled
off an ancilla qubit; this interaction is followed by strong measurements of the primary probe and the ancilla, as
illustrated in figure 16. Measurement of the ancilla determines if the interaction between the system and the
probe occurred or not; thus, depending on the result of the ancilla measurement, the probe measurement might
or might not reveal information about the system. By choosing the state of the ancilla so that the probability of
the interaction occurring is AAt, the continuous limit can be thought of as a long sequence of single-shot
measurements occurring at Poisson-distributed times with constant rate A.

The probe/system interaction we consider is generated by an interaction Hamiltonian of the form (4.16),
except that we convert to qubit probes by making the standard replacement b, — o_. To achieve strong
interactions, we now allow At to be as large as or even larger than 1/+. A glance at the derivation of the
interaction Hamiltonian (4.16) in section 4 shows that for such strong interactions, we cannot neglect the
sideband modes in each time segment. Thus we cannot consistently use such a strong interaction in the case of a
probe field, but instead should think of the interaction as coming directly from the interaction with a sequence of
qubit probes, perhaps two-level atoms. That said, the interaction Hamiltonian we assume for each probe time

segment is
H=i|L®o —c®o), (7.1)
At

with corresponding joint unitary for the time segment,
V(0) = e HA = exp [%9(6 ®o—c® 0,)], (7.2)

where we define 0 = ZM . To ensure a strong interaction, we hold 6 constant in the limit At — 0.

When dealing with these strongly interacting probes, we are not justified in truncating the Taylor expansion
of the exponential. This makes it difficult to draw general conclusions for all kinds of systems and all coupling
operators ¢, so we retreat to investigating a particular example to illustrate what happens. We assume the system
is a qubit that is coupled to the probe through the operator ¢ = ¢,. Thus the strong probe/system interaction
and subsequent measurement on the probe yield a measurement of o, on the system. The interaction
unitary (7.2) becomes

V(0) = e0:9(0:—0.)0/2

— ¢i0:00,0/2
=1® lcos(8/2) + io, ® o, sin(0/2)
=le)el ® Ry(—0) + Ig)gl ® R, (H), (7.3)

where R, (f) := e~*%%/?is arotation of the probe qubit by angle # about the y axis of the Bloch sphere. This
interaction is conveniently thought of as a controlled operation, with the system qubit as control and the probe
qubit as target. If the system is in the excited state | ), the probe qubit is rotated by — 6 about y; if the system is in
the ground state |g), the probe qubit is rotated by # about y.

We assume that the probe starts in the ground state and that after the interaction with the system, it is
subjected to a measurement of oy, i.e., a measurement in the basis | ¢, ) of equation (5.20). Under these
circumstances, it is easy to see that the measurement on the probe yields information about the zcomponent of
the system’s spin. Indeed, it becomes an ideal measurement of o, if we choose # = /2, so that the interaction
unitaryis

1
Nl
This leaves us in the good-measurement limit defined by [97]. One sees the perfect correlation between system
and probe after the interaction in

V(alg) + fle)) ® lg) = %(a|g> 9 16) + Ble) ® 16,). (7.5)

Vi=V(r/2) = —=A® 1+ io, ® o) = |e)e] ® R, (—7/2) + |g)gl ® Ry (7/2). (7.4)

To make the strong measurement events correspond to a Poisson process, we control the unitary V offan
additional ancillary probe qubit that is initialized in the state

[x) = V1 — MAtle) + VAAt]|g). (7.6)

34



10P Publishing

Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

The controlled unitary is defined in the same way as the previously encountered CNOT as
CVi=101® [efe| + V@ |g)gl. (7.7)

The ancilla qubit is measured in the eigenbasis of ,. The unitary Vis applied to the system and the primary
probe qubit when the result is |g), which occurs with probability AA¢. The protocol for a single time segment is
summarized in the circuit diagrams of figure 16.

The Kraus operators for obtaining result + on the probe qubit and result g or e on the ancilla qubit are

Kie= (¢l ®(e)CV(Ig) ® IX)) = V1 — MAr (4,11 ® 1|g) = %ﬂ, (7.8a)
Keg= (6.1 ®(&)CV(Ig) ® Ix) = VAAL (8,|VIg) = JWH;—UZ. (7.8b)

The ancilla outcome, g or e, is not something for which we actually record a measurement outcome, its purpose
being merely to mock up a Poisson process, so we coarse-grain over those measurement outcomes to find the
unnormalized conditional-state updates:

1 140 1+o0
KiabK L, + KagokLy =21 = AADp + A= =2
1
— 5(;; + L\AL(po, + 0.p) + TAAL (0 po — p)). (7.9)

Itis informative to compare this model of occasional strong measurements with our previously discussed
model of continuous weak measurements. To do so, notice that if we remove the ancilla qubit from the circuit in
figure 16 and replace the strong interaction unitary V with the analogous weak interaction unitary U of (5.1),
letting ¢ = o, we are left with the homodyne measurement model analyzed in section 5.2. The Kraus operators
for this model are given by equation (5.21) with ¢ = oy, i.e.,

K= %(n + VAL o, — Ly Jl); (7.10)

The corresponding unnormalized conditional-state updates are
1
K.pKl = S E VYAt (po, + 0.p) + YAt(0, po; — p)). (7.11)

The unnormalized conditional state-update rules equations (7.9), (7.11) reveal an important distinction
between infrequent strong interactions and constant weak interactions. The +(po, + o, p) terms correspond to
conditional stochastic evolution, while the o, pg, — p terms correspond to the unconditional average evolution.
In the case of infrequent strong interactions, the conditional and unconditional terms have the same scaling with
respect to the time interval A#, in contrast to the different scalings of these two terms in the case of continuous
weak interactions. This means, in particular, that no matter what the Poisson rate A is, the stochastic steps
corresponding to the conditional evolution are of order A¢, not the \/E of a continuous weak interaction, and
thus have vanishing effect on the trajectory in the continuum limit. The strong measurements, which project the
system onto an eigenstate of g, occur too infrequently to have any effect on the conditional evolution.

The + measurement outcomes are pure noise, providing no information about the system, and the conditional
and unconditional evolutions are identical.

Something more interesting happens when we combine weak interaction strength with measurements that
does not always happen. If we assume that § = ZM = 2JA7 issmall, then we are back in the domain of
weak interactions. If we also define 77 := AAf to be a finite number between 0 and 1, then we are in a situation
where ancilla outcome g, which occurs with probability 7, leads to the weak interaction, and ancilla outcome e,
which occurs with probability 1 — 7, leads to no interaction. This corresponds to an inefficient weak
measurement. It is easy to see that the Kraus operators are

Kie=, 1_—77]1, (7.12a)
2
Ko, = ﬁ(ni VAT o, — lAﬂl) (7.12b)
+¢ — 2 z 2 . .
For the unnormalized conditional updates, we have
+ v 1 N
Ky opKl, + KigpKl , = E(p + AT (po, + a.p) + NAT (0, po; — p)). (7.13)

Not surprisingly, these are the same as the updates (7.11), except for the additional factors of nin front of both
the conditional and unconditional parts of the evolution. This means that we can read the SME directly off the
vacuum homodyne SME (5.30), by incorporating a factor of 1y on the right-hand side:
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Figure 17. Comparison of photon-counting conditional evolution to unconditional open-system dynamics. The smooth blue curve
in the foreground is the unconditional evolution. The jagged red curve that closely follows the unconditional evolution is the ensemble
average of 64 photon-counting trajectories, which are also displayed as wispy grayscale traces in the background. A single trajectory
from that ensemble is highlighted in green, exhibiting discontinuous evolution at times when photons were detected (represented by
dashed vertical lines) connected by smooth, nonlinear modifications to ordinary Rabi oscillations arising from the backaction of the
‘no photon’ measurement result.

dp = dt n D[ Jvo:1p + dW n H[ /v o:]p. (7.14)

By defining a renormalized coupling strength 7 := 17y, we can put the SME (7.14) in the form

dp = dt D[[yo.1p + dW yn H[JFo:1p. (7.15)

This equation is in the form of a homodyne measurement using detectors with efficiency 7 [66, see equation (4).238],
where the efficiency is the probability of the detector’s recording a count in the presence of an excitation. Relative to
the model in [66], the additional renormalization of the coupling strength in equation (7.15) is because our model has
aprobabilistic interaction followed by a perfect measurement instead of a deterministic interaction followed by a
measurement with sub-unity efficiency.

8. Examples: simulation and code

A helpful strategy for gaining intuition about the unconditional master equations and SMEs discussed above is
to visualize the kinds of evolution they describe. The authors have published a software package in Python [98]
designed to make such visualizations easy to produce. This package has been used to create many of the
visualizations below and includes documentation that walks through formulating the quantum problem in a
way that facilitates application of known stochastic-integration techniques [99].

We begin by considering a photon-counting measurement described by equation (5.16). Our example
system is a two-level atom, coupled to some one-dimensional continuum of modes of the electromagnetic field
(perhaps a waveguide) that are initially in the vacuum state, with coupling described by the operator ¢ = o_. We
additionally include a classical field driving Rabi oscillations between the two energy levels of the atom, as
described by a system Hamiltonian Hey; = 7y0;. The coupling to the waveguide induces decoherence, so we
expect the evolution of the system, ignorant of the state of the waveguide, to exhibit damped Rabi oscillations.
This unconditional evolution is given by equation (5.18), and when we solve for the evolution, as shown by the
smooth blue curve in the foreground of figure 17, that is exactly what we see.

If we put a photon detector at the end of the waveguide, we maintain full information about the two-level
atom. Therefore, we do not expect to see decoherence, but rather jumps in the system evolution when we detect
photons in the waveguide. When we solve for a particular instance of the stochastic evolution, as highlighted by
the discontinuous green curve in figure 17, we see the jumps corresponding to photon detection, as well as a
deformation of pure Rabi oscillations that arises from the backaction of the ‘no photon’ result from our photon
detector.

If we instead monitor the waveguide with homodyne measurements, the system undergoes qualitatively
different evolution. The system state never jumps, but vacuum fluctuations appear as jagged white-noise effects
in the trajectory. One instance of a stochastic homodyne trajectory is highlighted in green in the upper-right-
hand corner of figure 18. The other plots in figure 18 provide some intuition regarding what effects the squeezing
and thermalization of the bath have on the system.

The expression that various SMEs are ‘unravelings’ of the unconditional master equation is meant to
communicate that averages of larger and larger ensembles of trajectories converge to the unconditional
evolution. These ensemble averages are presented in figures 17 and 18 as the jagged red curves closely hugging
the smooth, blue curves of the unconditional evolution. For finite ensembles of trajectories, one still sees
vestigial qualities of the underlying stochastic evolution, although the average trajectories are visibly converging
to the unconditional evolution.
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Squeezed

Figure 18. Comparison of homodyne trajectories and unconditional evolutions for squeezed, vacuum, antisqueezed, and thermal
baths. The interpretation of the various curves is analogous to figure 17: the smooth blue curves in the foreground are the
unconditional dynamics, the jagged red curves that approximate those dynamics are ensemble averages over the 64 trajectories plotted
in the background in faint grayscale, and one member of that ensemble is highlighted in green. As one might expect, fluctuations in the
homodyne trajectories decrease (increase) for the squeezed (antisqueezed, thermal) bath relative to the vacuum. Astute observers
might notice that the conditional expectation values sometimes exceed the range of the observable’s spectrum. While it might be
tempting to attribute this to some fundamental property of the interaction, these excesses are in fact artefacts of the finite integration
step size and indicate an unphysical density matrix with negative eigenvalues. The unconditional evolutions exhibit less (more)
damping for antisqueezed (squeezed, thermal) baths relative to the vacuum. This is due to a combination of how much information
from the system is being lost to the environment (more for squeezed, less for antisqueezed) and how much noise from the
environment is polluting the system (thermal noise in the case of the thermal bath).

9. Discussion and conclusion

We have now completed our introduction to trajectory theory, using only a minimal understanding of quantum
optics to construct an interaction unitary and iterated quantum circuit. From that starting point, we built up the
Gaussian theory using tools from finite-dimensional quantum information and computation. We found
quantum circuits to illuminate the variety of conditions required to make the Markov approximations. We also
found that all the relevant qualities of Gaussian bath modes can be compressed into the single transition of a
qubit probe, capturing the effects of mean fields with infinitesimal rotations, thermal excitations with enhanced
coupling, and squeezing with modified correlations between system operators cand ¢ in the interaction. We
also explored an alternative means of producing weak interactions with an environment, noting that stretches of
isolation punctuated by strong probe interactions can yield unconditional open-system dynamics similar to that
of continuous weak interactions, but the conditional stochastic dynamics remain irreconcilably distinct.

Our program of qubit-izing continuous quantum measurements could be extended in several ways. For
instance, one could imagine changing the state of the probe and deriving quantum trajectories for single-photon
[100, 101] or N-photon Fock states [102] or Schrodinger-cat states [100]. Recently Dabrowska et al. have worked
out the Schrodinger-cat-state version [103] and the single-photon version [104]. In the case of a single photon
they define a wavepacket creation operator over N qubits of the form

N N
BY(¢) =Y ¢,JAT o, SATIER = 1. 9.1)
n=1 n=1

Applying this to the multiqubit ‘vacuum’ yields the single-photon state

1) = BT (©)Iggg ... §) = VAT legg .. g) + E;VAT [geg ... g)
—i—fsx/A_T Igge...g>+-~-+§N«/A_T lggg ... e). (9.2)

In addition to investigating different kinds of states, interactions, and measurements, we could also imagine
trying to reproduce Carmichael’s [105] and Gardiner’s [106] cascaded quantum systems formalism (and its
generalization [107, 108]). In the Markov approximation and the limit of zero delay between successive systems,
we could imagine using an input-output formalism for probe qubits, of the sort alluded to at the end of
section 6.2, to connect successive systems, or we could work directly in the interaction picture as we have done
throughout this paper.

37



10P Publishing

Quantum Sci. Technol. 3 (2018) 024005 JA Grossetal

Such extensions hold the promise of identifying parsimonious descriptions of the associated theory, but
ultimately, we believe our approach can produce fruit beyond economy of description. The tools we emphasized
encourage a particular way of thinking about continuous measurements, trajectories, and feedback that we
believe is conducive to the development of improved forms of quantum control.
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Appendix A. Pure and thermal squeezed baths

In this appendix we list relations that are useful for deriving the results for pure and thermal squeezed baths. The
expressions involve the squeezed system operator ¢, of equation (6.53) and the homodyne angle ¢, q of
equation (6.60). When written in terms of the squeezing parameters, r and y, the expressions are indifferent to
whether the bath is pure or thermal; when written in terms of the bath parameters, N, M, and Ny,, the
expressions use equations (6.67b) and (6.67¢), applicable for a squeezed thermal bath, to convert from the
squeezing parameters to the bath parameters. To specialize the same expressions to a pure squeezed bath, one

sets Ny, = 0.
Now the formulas:
Coshzr — w (Al)
2Nth + 1
sinh?r = N = N (A2)
2Ny, + 1
e?t sinhr coshr = — M , (A3)
thh + 1
!/
L =1+ 2sinh?r — 2cos2u sinhr coshr = 2N+ 2Me 1 L , (A4)
L' = @Ng + 1)L = 2N + 2Mg + 1, (A5)
o c(cosh?r — e~? sinhr coshr) + ¢ (e?* sinhr coshr — sinh?r)
5q =
sq \/f
¢(N+ N + M*+ 1) — '(N — N + M)
— , (A6)
V2N + 1V
Csqpedy = cpct cosh?r + cpc sinh?r + cpc e2# sinhr coshr + cfpcfe?# sinhr coshr
cpc' (N + Ny + 1) + cpc(N — Ng) — cpc M* — cTpc’™™
- , (A7)
thh + 1
cdcsq = c'c cosh?r + cc sinh?r + c%e~2# sinhr coshr + ci%2# sinhr coshr
cfe(N 4+ Ny + 1) + o (N — Ny) — 2 M* — ¢i2M
= , (A8)
2Ny + 1
1 1 1
Dleyglp = 7((N + N + DD[clp + (N — Na)DIc'1p + —M*[c, [¢, p]l + =M [cT, [, p]]),
2Ny + 1 2 2
(A9)
¢l pesq = c'pe cosh?r + cpc’ sinh?r + cpc e 2# sinhr coshr + cfpcfe? sinhr coshr
_ "pe(N + Ny + 1) 4+ cpc(N — N) — cpc M* — c'pc’M (A10)

ZNth + 1
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CsqCay = cct cosh?r + cfc sinh?r + ¢ e~2# sinh 7 coshr + 22 sinhr coshr
(N4 N+ 1) + c'e(N — Np) — ¢2M* — ¢2M
2Np + 1

, (Al1)

1

Plealr = o1

((N + Nu + DDIc'Tp + (N — Nuw) Dlelp + %M*[C, le, p1] + %M[CT, [, p]])-

(A12)

Appendix B. Mixed squeezed states

To evaluate potential qubit models for mixed squeezed states, it is convenient to derive necessary and sufficient
conditions on the combination of bath state o, probe operator g, and measured observable for reproducing the
stochastic evolution for homodyne detection, much as equations (6.10) provide necessary and sufficient
conditions on the bath state and probe operator for reproducing the unconditional evolution. Since the mixed
nature of the bath generally introduces mixing into the system even when the bath is monitored, it is necessary to
have atleast four Kraus operators; this allows for two measurement outcomes and a conditional evolution for
each of those outcomes, which is coarse-grained over two different Kraus evolutions corresponding to the other
two outcomes. These Kraus operators can arise from a four-level probe in a pure initial state | ®) and observable
eigenvectors |+ $> (where the T degree of freedom is coarse-grained over to reflect incomplete information) or
from a pair of two-level probes in a mixed initial state Ay|¢7){(p3| + A~|~) (1)~ |and observable eigenvectors
| £). When we use these arrangements with the interaction unitary

Ui (a) := exp [\/A_T (c@a —c® a)], (BD)

where a is a finite-dimensional operator analogous to the field annihilation operator b, we parametrize the
resulting Kraus operators up to O(AT) as

Koy =(U)ry
=ayy + VAT (Boaz ¢ + Braz ) + AT (e  + mag o + vuxcle+ vz cf?).  (B2)

Here we introduce the notation that for any operator A, (A), 7 = (4= |A|®) for the case of a pure bath with

x
four measurement outcomes and (A), 1 = /Ay (£|A|¢3) for a mixed bath with two measurement outcomes.
With this notation, the various parameters become

ay = (1,7, (B3a)

Borx = (a")ix, Birx = —(a)1, (B3b)

M+E = _%<‘1T“>i¥) V2T = _%<Wﬂ>i$’ (B3¢)
1 1

Vork = 5(61“&;, V3rx = 5<a2>i$- (B3d)

Just like the case of a thermal bath, the updated state is calculated by coarse-graining over one of the two binary
variables in the measurement outcome, giving

Py = K:tiij':I + K:t:pK’ o~ (B4)
+ >
Tr{(Exp]

where E; = KlIKiI + K] . pKin.

If we calculate the conditional difference equation from the parametrized Kraus operators (B2), we can
match terms to the squeezed-bath conditional difference equation (6.76) and come up with a set of constraints
on the Kraus parameters. For the o parameters, we get

oLy = %cos o, (B5a)
Qpn = %Sin Ous (B5b)

where we use the phase freedom inherent in the Kraus operators to make a3 > 0,i.e,, 0 < ¢, < 7/2.The
constraints for the 3 parameters are
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Bosl + [Bosel? = =, (B6a)

1B1:31* + |Gl = %’ (B6b)

Buat By + PrasBian = =5 (B6o)
Bo+rcos g, + Bor~sing, = i%;“, (B6d)
Breycosdy + Srising, = ?%, (B6e)

where L’ = 2N + M + M* + 1asinequation (6.75). The nature of the constraints on the yvariables always
allows appropriate values to be found, given any solution of the above equations:

N

N+E = —m, (B7a)
Y2 X = —ﬁ, (B7b)
V3+E = —m) (B7¢)
Yo+E = M- (B7d)

_4sin(¢i +7/4)

B.1. Araki-Woods

One technique that presents itself for the squeezed thermal case is the Araki-Woods construction, employed in
[88] to treat general Gaussian states with a vacuum-based technique. This construction transforms the bath
statistics from the probe state to the field operator in a slightly different manner than the successful technique
and puts the probe into a two-mode vacuum. The form of the updated field operators is

bw=xA®b) +yb" @D +2z(b® 1), (B8)
corresponding to a qubit model with probe initial state |gg) and updated qubit field operators
azw=xA@0) +yo @1 + z(o-® 1), (B9)

where the constants x, y, and zare defined as

x=N+1—[M2/N, (B10a)
5= VN, (B10b)
z:=M//N. (B10¢)

The above definitions are slightly different from those presented in [88], as we have suppressed the mean field
term, it being trivial to include such a term, as is described at the end of section 6.5, and changed the ordering of
the subsystems to reflect our notational conventions.

When the bath is in a pure state, [M |> = N (N + 1)and thusx = 0. Since the only term in g,y that involves
the second is proportional to x, for a pure bath we only need to consider the first field mode. In this case, using
auy in the interaction unitary and measuring a,y + aly gives the Kraus operators equation (6.61) and
therefore produces the correct stochastic evolution.

Unfortunately, even though the Araki-Woods discrete field operators give the appropriate bath statistics and
thus the correct unconditional evolution even for [M |> < N (N + 1), they do not satisfy the constraints given
above to produce the correct conditional evolution. In particular, the Araki-Woods Kraus operators give us

1
cos¢, =sing, = —, (Blla)
V2
N+ M*+1 [N+ 2Mg + [M|*/N
>+ ~== . B11b
Bo+x + Box Nii \/ IN T M 1 1 (B11b)

This only satisfies the SME constraints when |[M|?> = N (N + 1),i.e., when the bath is in a pure state.

One indication that something might break in the mixed case is that the field homodyne observable,
byw + bl ought to have degeneracy in eigenvalues, since in the field picture the thermalization of the field can
be interpreted as entanglement with an auxiliary mode that is not measured (i.e., we measure (b + b") ® 1),
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leading to degenerate subspaces for each eigenvalue of b + b. In the qubit picture, the homodyne observable
ayw + aly, has the spectrum

Aoy = Tx+ |y + 2|, (B12)

which is degenerate only in the case x = 0,since|z| < /y? + 1 < y from equation (6.3). This condition is met
only when the bath is pure.

B.2. Two-qubit setup analogous to two-mode squeezing

To manufacture thermal statistics, we might think to consider the thermal state of a bath mode as the marginal
state of a two-mode squeezed state. Then, much as we did in the pure-state case, we could transfer all squeezing
from the bath state to the field operators and on to analogous qubit operators. Using the two-mode squeeze
operator,

SO () = exp [ (b ® b — b'® b)), (B13)
gives us the squeezed field operator
byg = SUD (1) SOT(r, ) (b @ DSV (r, ) S (1) (B14)
= coshr coshri, (b ® 1) — e%® coshrsinhry(1 ® b') — e?®sinhr coshry, (b7 ® 1) + sinhr sinhry, (1 @ b),
(B15)
which translates to the squeezed qubit operators
asq = coshr coshry (o= @ 1) — €% coshrsinhry, (1 ® oy) — e*?sinhr coshry (o @ 1)
+ sinhrsinhry (1 ® o). (B16)

The quadrature operator for homodyne measurement, aq + asz, has a problem similar to that of the Araki-

Woods quadrature operator in that its eigenvalues are nondegenerate:

1
Al = iT\/—e‘”ezﬁh cos2¢ + e*e?tn + 2 cos2¢p + e, (B17)
e

g

At =

1
+———J—e*cos2¢ + e* + 1 + cos2¢. (B18)
J2e'e \/
This construction fails to satisfy the Kraus-operator constraints on thermal stochastic evolution even in the
absence of squeezing (N > 0, M = 0), confirming our suspicion based on the nondegeneracy of the observable
eigenvalues.

B.3. Two-qubit squeezed-thermal state
Another simple two-qubit setup uses the probe annihilation operator

2N+ 1
Agq =

I®o +0 D) (B19)

in conjunction with the interaction unitary U (a,q) from equation (B1) and the initial probe state
N 00 M
1 0 00 0

MTONF1] 0 00 0
M* 0 0 N+1

) (B20)

which we consider as it is a positive state precisely when the parameters M and N satisfy the usual constraint
IM]*> < (N + 1)N (obtaining purity only when |M[> = (N + 1)N). By observation or by calculation, we see
that the bath density operator has rank two, i.e., has support only on a qubit subspace.

The consequences of this model are analogous to those of the Araki-Woods construction: unconditional
statistics are reproduced, but the stochastic evolution is incorrect when measuring a,q + ajq. The difficulty
again appears to be alack of degeneracy in the eigenvalues of the ayq + asz. Specifically, this setup reproduces the
correct bath statistics, but the observable ay, + afq has three distinct eigenvalues (unique positive and negative
eigenvalues with a twofold degeneracy corresponding to an eigenvalue of 0) instead of degenerate positive and
negative subspaces as we expect from the field case.

Naively pairing half of the zero subspace with both the positive and negative outcomes yields a SME in the
pure case very close to the correct result, except that the Wiener process dW is divided by /2(2N + 1) instead
of /I ; this corresponds to doing homodyne detection on a pure squeezed bath with detectors having sub-unity
efficiency. Likewise, setting M = 0 for a thermal bath with no squeezing yields a thermal SME with an extra
factor of 1 /+/2 in the stochastic term, again analogous to sub-unity detection efficiency.
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This inefficiency makes sense given that we naively lumped distinguishable measurement outcomes
together. Unfortunately, this model does not provide clear alternative recipes with which to construct a SME, so
we do not consider this model any further.

B.4. Qutrit
One can also mock up a bath with three-level probes and field operators that give the correct unconditional
evolution. We define the qutrit probe annihilation operator to be

a = 2N + 1(|0)(1] + [1)(2]). (B21)

The thermal and squeezed qutrit probe state we choose, following the reasoning by which we arrived at
equation (B20), is
N 0 M

- o o | (B22)
INF U p* 0 N+ 1

1
Osq *

In our matrix representations we have ordered the rows and columns starting from the top and left with |2) and
decreasing to |0) as we move to the bottom and right.

The combination of the above lowering operator and state gives the correct unconditional master equation.
Three-level systems present even more difficulty in understanding what to do with the conditional evolution,
however, as the restriction to three Kraus operators means only one of the measurement results can be coarse-
grained over multiple (two) Kraus operators, leaving the other measurement result only associated with a single
Kraus operator and therefore producing no statistical mixing of the system state.
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